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IN; "utmoſt importance with reſpett to un 
commerce, ſecurity, and, in general, 
all he affairs of life, has, for the moſt part in 


ving, in all their mathematical writings, ſo much 
as touched on their firft principles; ; and thoſe 
%% have, treat them in ſuch an abſture and 
 [rnriricate manner, as render them intelligible 
only to thoſe who have made a conſiderable pro- 
greſs both in the elements of geometry and al, 


ally deprived of that valuable part of geometry, 
which might be of conſiderable advantage to them. 
or laid under an indiſpenſible neceſſity of leary- 
174 wholly the elements of algebra. There are, 
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all its branches, been, by very able mathemati- f 
(ian, treated of in the Engliſh language in a full 

and learned manner. That which is moſt defe- 
| five Seems to be the Conic Sefions, few ba- 


0 gebra ; by which means Gentlemen are either to- 


4 17 rue, excluſive of A . and the com 
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5 . a eg on him, feveral very learned * 
wet on that ſabject. by Mydergius, Vincen- 
1 2 5 tio, Vivani, De Wits fir ſt book. and. De la 5 i 
%% demonſirations are purely geometrical j 
but as theſe learned Gentlemen have, for the 
Nee benefit of Europe, wrate in Latin, à per- 
. fer mauce of this kind ſtem d much to be want- 
4 {4 ed, as there are a great many in Britain who 
tate plea ſure in, and have alſo a genius ex- 
J 8 well calculated for improving mathe- 
matical learning, but who have not made ſuch 
| advances in that language, as to render ſuch. 
performances uſeful to them. And what makes. 
them lef ſerviceable to thoſe bo under ſtand 
the language is, that their demonſtrations de- 
pend upon a vaſt field of principles, which muſt 
neceſſarily conſume a great deal of time to be to- 
lierabl' acquainted 1 with ; the firſt three, as well 
245 the ancients, including a great number of 
Jemmas, and their Principal properties all de- 
monſtrated from the various ſeftions of the cone: 
Though De Witt and De la Hire, from the ex. 
ample of Dr. Wallis, feem to unvatil the Writ- 
ings of the ancients in one particular, by de- 
ſeribing the curves on a plane, and from thence 
demonſirate their principal properties; yet nei- 
ther of their treatiſes appear to be rightly cal. 
culated for a young geometrician, both being toa 
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. eſpecially the firſt, which. contains. 
#0 more than eighteen propoſitions, and is very . 


perplexed with reſpect to their deſcription, from + 5 
e, Nbe various inter ſectiont . liner enn ane a 
Fi ther « at certain _— „ e 


ö 7 N > _ 
a 2 


TH E R E. #s one hot 56; —_—_— who 20S: 
performance is worthy of the author, oy 
ote in ſuch an elegant manner, and with ſo 
rue 4 geometrical ſpirit, as renders it inferi- 
pr to none of the ancients, and ſuperior to all 
be moderns. T ſuppoſe few will be at a loſs 


profeſſor of mathematicks in the college of Glaſ. 
ow. Had that incomparable geomerrities been 
leaſed to write in Engliſh, though it would 
have been a conſiderable loſs to Europe, by con- 
wing ſuch à valuable work to the ſcanty li- 
its of Britain, and had he enunciate all his 

ropoſitions in general, and leſs compounded his 
lemon frations, we ſhould have had ſo complete | 
tem of conic ſeftions, as would have put 4 
op ro writing on that ſubjet? a conſiderable! 

ms; but his demonſtrations, though worthy. 
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De la Hire publiſhed a | vety full . of Conic Sections at 
pris 168 5, but it labours under che fame inconveniencies with N 
ple already mentioned. 


0 apprehend that I mean Mr. Robert Simſon ns 
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* particularly careful to erpre 25 il nunc ia 
in general, and in ſuch termt ds contain 0 
| ambiguity, becauſe it is the. enunciation only can 
| communicate to the reader a diſtinct I. dea of the 
® propoſe ition, and by expreſſing them in general, 
be is leſs liable to miſapprehend the meaning 
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5 > 
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thoſe who-, are learning. the # r/t rudiment of ges, x 


communieate the. propoſition. to them, ue ſbal 
ind this method Very necefary: But to nate this 
point iP clearer, Thall ſuppoſe the Hertees th 
b ropoſit tion of the firſt book of Bud W > er 
thus, "Tf. the triangle ABC has the fide BC produz 
ced ro D/ the angle ACD is greater than the angle = 
AO or CAB; by. exprefiih tg. 52 in this manner 
they may. Be. fo far from comprehending 2 the true . 
meaning of the propoſit ſcion, as to conclude with 


erty of the whole genus of right lined #r1- 
an ger, but of that particular one 3 whereas 
this: „eee may. be edi. by 8 4. 


— 
0 wy 


ced, the outward angle is greater than either of | 
the inward oppoſite angles; voher the words | 


ad Zr uſe of are not.only univerſal, but fo fri. 5 
e ting, that the weakeſt capacity. at Arſe mug . 
g e the true a IROONVINg; of: 1. 4 bu ay 0 
_ 7 E I 5 Euclid tae carefully bs ** 
47 F00 great 4 geometrifian not to foreſee the bag E 
bY nſequences. that particular euunciatious 11 7 
he? © | | B % 5 = bs. 
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netry. which may beſo tou ved Thal they will _ 7 
only be ble to conſider thè terms made uſe of 1 9 5 4 3 


themſelves that this it not an univerſal Pro- 
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I . ek attended with; for which he has juſtly: met 


| With the general approbation' of the greateft WM © 
3 aud wiſeſt- Mn That ba ve appeared f. ence \ bis Fc 
| time, whith i+ above rb thouſand Tears... From Ire 


tis example it is, that I have far the moſt part 
repeated be enuntiations at the end of each 
1 Zropiſition, except in the ſecond and third boot, A 

* 4 where their Prolixity c have ſwelled the il ©* 
bool to too great a length ; and in the demon: = 
Prrations I have endeavoured to keep cloſe to his A 
file 3 and to render them ſtill more eaſy, in the 
»oft ſimple part off the Gen — 8 you: 
"_ 517  anthority. | | 
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'R 


E- 8 EVERAL "0 the moderar of - 10 0 
ꝛoote, in their geometrical writings, exclaim a 
— gainſt the demonſtrations of the ancients, which, 

, from the infancy of geometry until. Des Cartes, 

4 were juſtly admired and univerſally applauded,” 
and in their Place ſubſtitute arithmetical caleu- 
lations, which, in their ultimate, concluſions; 

20 me appear no more than begging the queſti- 

on, and taking the whole elements of their geo- 

metry for granted. For to maintain that theſ 
demonſtrations, founded upon the calculations of 
algebraic equations, are juſt, it is the indiſpen- 

Able buſineſs of the demonſtrator to demon ſtratè 

* heſe principles upon which be builds his de- 
| mon- 
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non firations, which # ir a tail that ne kn on 
algebra as yet, that 1 know of, has been able 
to accompliſh ; But. admitting their 8 
to be really demonſirated, in that caſe it nut 
till be allawed, that geometrical demouftration 
is vaſtly more natural, ſi far as it is mare na- | 
tural to repreſent. 4 triangle by 4 triangle, bs - © 
ihe circle by à circle, ar any other geametrical f. 
on: gure by itſelf, than, in a dark and obſture man» 
his ner, y the ieee letters a, b. c, 8 


_ 
Rr «= 1 
> N 8 
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10. 27 HE advaitages the one hes 4 8 the . 

her cannot be inferior to that which the Egy- 
ptians in 4 Jupertative degree experiented from 
the invention of writing, compared with that 
imperfect method they had before of tommuni- 
cating to one another the ideas:they had formed 
of men and things by brerogphicks. 


BESIDES, by the method of the anti. 
ents, a whole. field of beautiful truths preſents 
itſelf i in the very conſtructian of the figure, and 
various, though equally juſt, demonſirations * 
the ſame or different properties receive their 
birth in our ideas from the ſimple compariſon 
of the different parts of the conſtruction; where- 
as the demonſtrations introduced by the arith- 
metical SOmctTIEIOAL, from the different hes \ 

b 2 of 
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=] . an . are not 1 think in r 
but, when they have arrived at their laſt con- 
cluſion, few'are capable of forming a 1 juſt idea 
of the reaſons for taking theſe ſteps in that cer- 
rain and particular order they have made uſt 
of to acquire the truth demonſirated: Nay the 

' ſeventh, eighth and ninth books of Euclid, to 
me are à pregnant proof, that arithmetical or 
* 5 algebraical calculations, ane ſo far from being 
RO to demonſtrate geometrical theorems, 
that they are ſtarce capable of demonſtrating 
#heir own Principles, bus muſt have recour ſe 

t geometry; it is therefore ſurpriſiug that 
ſuch a learned and accompliſhed mathematician 

as Dr. Wallis ſhould expreſs himſelf in thi 
manner he does, iu his opera mathematica, vol. 

1. page 296. in his preface to his Conic Cecti. 
ons; he ſays, * That he rather chooſes to de: 
monſtrate his propoſitions by arithmetical calcula- 
tions, than by lineal demonſtrations, as they are 
no leſs ſcientific, and more perſpicuous, ſimple 
| and ae; neither has any one (that he knew) 
denied 


} 0 
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* Demonſtrationibus etiam potiùs ex arithmetico calculo petiti 
rem agens, quam linearibus; ; chm illæ nec mints ſcientifice ſint, 
c magis perſpicuæ, ſed & ſimpliciores ſunt atque magis univerſales; 
nec quiſquam eſt (quod ſciam) qui demonſtrationes axithmeticas in 
| emsig? admittendas negayeri, 


etitis 
ſint, 
les; ; 


is in 
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denied to admit arithmetical 2 into 
geometry. And Mr. Jones, in his preface * 
is ſynopſis palmariorum matheſeos, act only is 
F the ſame opinion, but makes uſe of the very 


ame words with Dr. Wallis. To them I might 


add ſeveral obhers, which I purpoſely omit, 
Jeſt I ſhould ſwell this OO to 4 n 
len 91 —_ [ intended. 


# 1 from what I have faid, none will. 
pet me an enemy to algebra; that was by 
0 means my deſign, but only to ſhow the in- 
conſiſtency of demonſtrating geometrical theo- 
rems by it : For my own part, I look upon al. 
gebra as one of the valuable and uſeful parts 
of the mathematicks, its concluſions are juſt, 
and operations univerſal, and never ſeems to 
act out of its ſphere, but when applied to geo- 
metrical demonſtrations. In this Mr. Oznam 
agrees with me; for though, in his preface to 


s treatiſe of Conic Sectiouc, he ſays, * That 


chat treatiſe was compoſed principally for the be- 
nefit of thoſe who have an inclination to know 


he ſolution of equations of more than two dimen- 
ſions 


A . ä 5 * on. = 
bt ns 


Ce traite ayant Etc compose principalement en fayeur de ce 
ui deſirent fcavoir reſoudre'les equations de plus de deux dimenſ. 
dus par le moyen des ſections coniques, &c. 


* ” by 
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ſions by the aſſiſtance of Conic Sections: yet: be 
for the moſt part demonſtrates his theanems «ge: 
ee But to return : 5 e 


TH E order of the w dn is different 
from Mr. Simſon's, ſome of his corollaries, 
which appeared intricate, are made propoſiti. 
| ons, and ſome of his propoſitions are made co. 
rollaries 5 ſeveral of his demonſtrations are re. 
trained, thoſe paſſages in them which are Ea 
* being 1 R 


THERE are ſome 8 tions inſerted 
that I found not in any author that I met 
with, particularly the nineteenth propoſition 
of the firſt book, with its two firſt corollaries, 
the twenty ſixth of the ſecond, and thirty ſo. 
cond of the third book. The demonſtration of 
the nineteenth propuſition of the firſt book is-a 
little tedious and particular, becauſe the dia- 
meter cut by the: tangent is on the ſame Ade of 
the axis with the point of contact; and were 
they on different ſides, the ſame con ſtruction 
and demonſtration would not anſwer 5 but the 
general demonſtration may be eaſily conceived 
from the following conſtruttion : From the ver- 
rex of the diameter cut by the. tangent, draw an 
ordinate to the diameter which is drawn through 
the 


Ine point of contact, then will the {quare of the 
egment of the tangent, intercepted between the 
Doint of contact and the diameter cut by it, be e- 
qual to the ſquare of that ſermi-ordinate that is (by 
or. 2. prop. 13 and prop. 15.) four times the 


neter (cut by the tangent) to the ordinate drawn 
hrough the point of contact, and the ſegment of 
he ſame diameter intercepted between the dire- 


hat of the propoſition it ſelf the only reaſon 
why I made choice of the other was, that from 


ries, and for the ſake of them it was introdu- 
ed. The twenty ſtcond and twenty fifth pro- 


and demonſtrated in the ſame manner, and re- 
pectively in the ſame words with the thirty 
ourth and thirty eight propoſitions in the third 
? of Wook. 7 deſigned to add the firſt principles of 
ere We cycloid and ciſſoid, but the book having al- 


100 Ned felled beyond what I firſt deſigned, all - 


tht ea ve them to 4 e 


gl - 7 55 a 5 


ectangle contained between the abſciſs of the dia- 


rix and perpendicular. The other part of the 
demonſtration goes on in the ſame manner with 


his could not be drawn the two firſt corolla- 


poſitions in the ſecond book may be couſtructed 
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5 Age 7. line 20. for leſs read greater. P. 23. firſt ain, f, 
4E. 1.1. P. 25. l. 11. r. GE. P. 50. J. 25. for ſeginent 
r. ſquare. Lid. I. 26. for fquare r. ſegment: P. 55. I. 25. for 
Br. D. P. 74. J. 18. r. paſſes through. P. go. J. 2. r. FE, 
Ibid. I. 3. fr Er. G. P. 111. J. f. for ellipſe r. circle. P. 11) 
| Laſt citation, r. pr. 1. P. 123. J. 17. for MK r. DK. P. 148 
and 149. for D r. always B. P. 151. I. 20. for KH r. GH. P. 
155. J. 25. r. NO TI. P. 156. r. always ONIY. P. 176. J. 5. 
r. QP. Ibid. I. 23. r. PR. P. 177. J. 5. dele is. P. 221. J. 9. 
for BN r. FN. P. 222. J 14. dele as B. P. 256. J. 4. F. CE, 
P. 264. J. 18. r. line. Lid. I. 27. r. ſquare. P P. 268. J. 23. for 
parallel to the ſecond diameter, which is conjugate to CB, r. pa. 
rallel to the ordinate of the diameter drawn through the point oſ 
contact. P. 288. J. 17. r. GD. P. 289. I. 17. 1 | 
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: "BOOK I. 
a of the PARABOLA. . 
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fl DEFINITIONS. 
Gi | E AB be any right line, and © 


any point taken out of it, and 
DEF 2 y which. let be placed in 
he ſame Plane in which the right line 
aud point are, in ſuch a manner that 
ne ſide of it, as DE, be applied to the 
ght line AB, and the other ſide FF 
oueide with the point C, and at F, the 
xtremity of the ſide EF, let be fixed 
ne end of the thread FGC, whoſe length 
equal to EF, and the other extremity 
F it at the point C, and let part of the 
read, as FG, be brought cloſe to the 
de EF by a ſmall pin G; then let the 
— _ ſquare 
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If from any pobat i in a — a ; right 


Aram at right angles to tbe © 

ine of direction, that line will bee: 1 

gu fo 4 right line drawn om t he P. 
Same point 40 the focus, = 821215 k | 


ET HK be any parabola, whoſe 
"di ctrix is AB; and focus C, and 
from any Doint in it, as G, the 
right tine GE is drawn perpendicular to 


Vi 


ct 
the directrix AB, cutting it in E; and d let, 4 
the line GC be drawn from the ame ci 


to the focus. I ſay, GE is equal to GC. * 
For let EF be equal to the length 
4 ide of the ſquare, with which the parabo; 
la was deſcribed,. then, by the g 
of the parabola, the line Et is equal. to 
the generating thread EGO; and if from 
doch 


qual 8 GC. 0 01 1:17 
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: A op in the peripher . ANN. | 
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bY 4 to the angie Ca: 7 there dre DF off Ar 

| ven i # equal to FC, and the angle AFD equal me 
ro he angle AFC. "Again, becgaſe 92 ö 

equal to FC, and FG- is common, and the 

DFG equal to the angle GFC, 3 7 

GD is equal to GC. But becauſe the tri. re 

angle GHD is right angled at H, D 74 

19. i. greater than GH, wherefore GC is a co 
10% r. greater than GH; therefore the point Gf V 
el, js without the parabola; and after che fame] c. 
manner may any other point in the line 4:7 

AF be proved to be without the 2 pat 

+Def, » of conſequently the line AF is a tangent tu Pe- 
this. the parabola. W. W. D. Wake 557 ip 
| _ Secondly, let the line BI be i fo ' Bal 

B the prog al vertex perpendicular to the Co: 


axis BC, I fay, BI is a tangent to the ps TH. 
rabola. For, let any point be taken in 1 
the line BI, ſuch as K, and from K dra t 
KL perpendicular to the directrix DEH Ll 
which cuts it in L, and Join W to WH 
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— la biſefting an angle which * | 3 
contained between two right, lines Sow» 407 
from the ſame point, the one to the fo- Y 
cus, and the other perpendicular to the 


directrix, that line is a tangent to the . 
par abo. Alſo, 4 rigbe line arauin 1 
perpendicular to the axis from the prin- -þ 


cipal vertex, 1s. a tangent to the 9 75 + 

hola; which was to demonſtrated. | 

Cor. From the above propoſition it is evi- =. 
dent how from a given point in the pe- 7 {jo 
riphery to draw a line which will be a \ 3; 6 
tangent to a parabola, if the focus and | 
Une of direction ok da in * = 
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5 cutting the directrix in D. Thy, thelin 
. AE biſects the angle DAC. For if AB 
: . does not biſect the cage DA „ let th 
i Line AF biſcst the angle DAC: Then, be 


. 2 che diameter Aha 
a line drawn from irs vertex A to t] 


als AB, and e 5 ir in 3 IC i 

po elis,, AE | Rap 
3 gent to che ſame parabola, and touches i 
in the fame point A, therefore from 0 


2 


| ſame point A are drawn two lines, AF and 
; © ol 


Therefore, he angle, which; is contain- $7 
ed between; any diameter and 4 line : TE 
drawn from its vertex to the focus, 
is biſected by 4 Tangent drawn from the 
vertex of the ſame. diameter 5 5. Which was, 
rn be demonſtrated. | 
Cor. 1. From hence it 1 if AD 
be a diameter, and AE a tangent drawn 
from its vertex, and if the angle EAC 
be equal. to the angle EAD, the line 
Ac will paſs through the focus; or if 
AC paſs through the focus, and AE a 
rangent, and if the angle DAE be e- 
qual to the angle EAC, then i is the 1 2 
A a diameter. 
or. 2. Hence it allo follows, that if frond 
| ahy point in the periphery of a parabo- 
la, as A, which is not its principal ver- 
tex, a right line, as AE, be drawn a 
- rangent, and AD 4 diameter, the angle 
DAE, which is-contained berween the 
diameter and the tangent, that lis 
without the diameter, is leſs rhana right | +47 
angle, becauſe the angle PAC is leſs than nM 
two n and the angle DAE is hals © \ * 1 
F 0 


4 1 
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* fro hos APR in LR deviphe | 

_ parabola a tangent be drawn, and pro- 
Aducrd until it cut the axis; and from 
the ſame point a line be drawn Per. 

endienlar to the axis, that ſegment 
ef the axis which ir in tercepted be- 
teen the tangent and perpendicular 
line will be bi ſefted i in the, principal 


*X 


vertex. 0 1 
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ET A be any point 3 in the peri 
L phery of the parabola AB, whoſe: 
cus is C and direQrix DG, and let AB 
1 tangent, which produced cuts the axis 
in E; and from A let AH be drawn; pet 
pendicular to the axis. I ſay, that rl 
biſected in the principal vertex B. 
*:2E.1.1, For, through A? draw AD perp ndic 100 
uur to the directrix, and join AC to. the 
focus, and let the axis BC cut the; n 
ctrix in G. 
; Then, becauſe AB is perpendicular 1 


line GH, therdteDGand \H- 
lel to one-another, and DA is 
GH; conſequent] | DH is a right 
parallelogram. A o becauſe DA i == = 
kel to EH, the angle DAE is f equal. to fas 3 
AEC; but the, angle DAE is t equal to the # 7 of thi. 3 
angle EAC; therefore the angle AEO ise- | 
qual to che angle EAC, and conſequently 
the ſide EC is equal t to the ſide AC ; hut „6 E. I. 1. 
DA is f eq U a to AQ; th MI DA is e- 1 ef thin. 
qual to EC, and DA is equal to f GH, trans 
conſequently GH is equal to EC; but GB " 
Ws equal to BC; take BC and BG from 
155 and there will remain BE equal to BH. - =» 
conſequently EH is biſected in the Prin- RR 
cipal vertex B. 1 
Therefore, if from any point is the - 
Ceripbery of @ parabola a tangent jũue 
drawn and produced until it cut theax- | * 
is,” and from the ſame point a line le 
drawn perpendicular £0 the. axis, that 
ſegment. of the axis which is intercepted | |, +208 
between the. tangent and perpendicular, \ V7.0 
is bi ſected in 5. principal vertex ; 


Fhich was to be en. * . . 
B . | RR  PRO- 


La 
© ARE: 


__ 
= 


: | 20 5 r N 
E * . any point: in, SY PPE, „a 
1 eue a right line be drawn, ti. T 
= Nis >= | {bn e 70 the axis, nor biſeti-M, .. 
5 > | | Coon in 'g. the An gle. avhich. 14 comprehend; : 
3 ed between a diameter and a line 
Aera from the ſams point to the ft; 
cee, that line will cut 1 ee 
A A in one othen point only. 
5 ET A be any] N e ip 
3 I Phery of the Adee! AB, whole fo, 
=: cus is C, and directrix DE; 111 from A 
. ler the line AF be drawn, nachie Para 
wi lel to. the axis, nor biſecting the angle 


1 which is comprehended between the dia. 
9 | meter and right line drawn from the ſame 
point to the focus. 1 fay, that line will 
cut the parabala i in one other point only. 
This line AF may either paſs through the 
focus or not; and firſt, let it paſs through 
the focus C; then from the ag: ce: draw 
RT. n. a line perpendicular to AF * meeting the 


line of direction in the point D; asd from ö 
the pgint A draw AG parallel to the axis, 
Which meets the diret᷑trix in G, and make 

pH 


in J Tay; the point} iv pos im. che 
periphery of the 4 P ra la ar, e 
and CH. : 02 HE CH? | 
Then, be eau eite angles DOAund 4b 
are right angles, and AG“ is equa to AC, gu 
he angle ACG is equal to the angle AGC, 
and conſec quently the remaining angle DO 
Is equal to DCG; therefore the fide DG * 
is equal ro DC; but DG is equal to DI. 46 E. L. 15 
therefore DC is equal to DH, and the 
angle PCH equal to the angle DHC; but 
he e angle DC is equal to the angle DHI, 
decauſe both: are right angles; therefbre the 
remaining angle ICH is equal to the re- 
naining angle IHC, and the ſide IC is ſ e- 16K. Ur 
qual to the ſide IH, conſequently the 
point If is. a point in the parabola; there · fz of this 
fore the line AF cuts the parabola in” ano- 
her point. W. W. D. 
Secondly, when the right link AF 1 
not paſs through the focus. the conſtructi- 
on remaining the fame as before, then, a- 
out the center A, with the diſtance AC, 
leſcribe a circle cutting the line DC again 
n the point K, and chrough the points K, 
20 H deſcribe ** oircle KC H. Then, =; E.. 4 
be⸗ 


1 4 rhe wage, the hes 00 
tds s to the circle f GCK, wherefore th 
Ip68. 1 3- ſquare of GD + is equal to che rectang 

| . between the er! KD and * 
1 DK. 3 che Ae vpon DH 4 
= i qual to the rectangle contained betwes 
1 the two lines KD and DC, b 
5 7E. l. 3. * is a | 


2 t angle, che center of the ch 
E. l. 3. Hck will be in the line HI. Allo, b 
cauſe the line CK is drawn in the cite 
GCK, and cut by the line AF, Which 
drawn through the circle at right angles 
$32. 1.3. therofore the line CK f will be biſected in 
wberefore the center of the circle HC} 
cor.1 , Will be in the line FI +; but before the cr 
* ter was in the line HI, and nan in heyy 
FI, therefore the center will. be in 

point I. where theſe two lines cut the an 
other; aud conſequently IC is equalt to H 
Ai. wherefore the point I* is a point in the p 
riphery of the parabola. Laſtly, I fa 

that the line AF cannot cut the parabol 

in any more points thantheſeryo Aan 

- GE | For, if polliDike let it cut it it in a N 
5 2 | poi 
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jon, and the gre CFL wan) 1K l. r 
nal to one another, both being right „ 
erefore LC“ is equal to LK, and — * 15 x; 
w LM perpe icular to the directrix, 19 
hen is LM alſo equal to LC; and fo if t of this 
pon L as a center, with the diſtance LM, 
circle be deſcribed, it will paſs through 
he points M. Cad K; and becauſe DM £9 
$ at right angles to DL, DM + will be a 116 E. l. 2. 
gent to the circle MCK, and conſe- 
hently the ſquare of DM is equal * to the 56. i. 
tangle contain'd between KD and DC; 
ut the ſquare of GD is equal to the re- 
tangle contained between KD and DC; 
Weonſequently- the ſquare of GD is equal to 
the ſquare of MD, and the line GD will 
be equal to the line MD, a part to the 
hole, which is abſurd. Therefore the line 
AF cannot cut the parabola in any more 
points than theſe two A and IJ. 
Wherefore, if from any point in the 
periphery of a | parabola a right line be 
draws which is neither parallel to the 
«xis, nor biſetting the angle which is 
comprehended between a diameter and a 
ime drawn from the ſame Feiut to the 
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Per ndicular line Benet, be. 
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; egment 0 
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that 
all meet tl the 26 
ET AB be the given right 
0b be drawn 


D be not 
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the focus, and from the focus 12 l 
P 
pioduced meets the 


eater than DE, I ſay 


4 produced will meet the parabola. 


P 
«Caſe x. If the ſegment CD be —_ to 
| way * D B. then: it is ey that 


Cold *. "Vie if Ch be les than ED. pro- 
duce ED, and make DF equal to DC. | 
Then find a mean proportional f between 
the two lines FE and EC, which let be 
EG; make EI equal to EG, and about 
the points F, C and G, deſeribe the circle 
+ GCF, and from G draw Gl perpendi- 5E. 1.4 
cular to GE *, which meets the line AB 1E. . | 
produced in I; then becauſe FE is to EG 
as EG is-to EC, the rectangle contained 
between FE and EC is equal to the ae 
of EG  ;. therefore EG is a tangent to + 17. 2 
the circle GCF. And conſequently the künaen 
center of the circle will be in the line GI *; 19. l. 30 
then becauſe CF is biſected in D, and Som = 
D the line DI is drawn at right angles to 
it, the center of the circle f will be in the 100% E 
line DI; therefore the Point I will be tle 
center of the circle GCF ; and conſequent- 


lyIGis equal to IC; wherefore I is a point 


t in the parabola. Aſter the ſame manner iin 
may it be demonſtrated, that if from the 
point H a line be draw perpendicular to 
the directrix, and produced meets the line 
AB, that point. where it meets the line AB 
D is 


1 


Foe Ferne und the other Ane, te 10 
greater thun the | ſegment of the n 
. perpendicular, whith ir intercepted l 
: Teen the other line and direttrix, tha 
2 other line produced will nicet the par. 

£ Bola; which was to be demonſtrated. 
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'T 7 any right line be drawn POT 
Pont within 4 ; parabola, that Line! 
Produced will cut be Parabola. 
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by ter it e cut r the f 


drawn any how from the Point A witl 
the Parabola; and let CD be drawn 


dren e the pole: ; Aro es. 
us; therefore if AE be perpendicular to 
he line of direction, it will be Seer chan 
\C; but if AE be not perpendicular to 
e directrix, it will be f greatet than the f 19 E. l. i. 
erpendicular, and therefore much greater | 
han AC: Bur the ſquare of AE is + equal 

o the two ſquares deſcribed upon AD and © + 
DE, and the ſquare. of AC is equal to the 
quares deſcribed upon AD and DC; con- - 
equently the two- ſquares — 1 
W and DE are greater than the ſum of ws 
he two ſquares upon AD and DC; take 
he, ſquare of AD from both, there will Bo 
emain the ſquare of BE, greater than the 

quare of DC; therefore the line DE 10 N 
Fieatad, than DC, [conſequently the line 
produced will cut the parabola. 10 ofthis. « 
Therefore, Tf any right line be drawn 
through a point within the parabola, that | 

me, if produced, will cut the parabo- 

; which was to be demonſtrated. . 
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For let the diameter GE meet the 

= (© ctrix FD in the point F, and 
points A and B let the lines AI and 

PreZ.l.1. drawn * perpendicular to the di 
5 and from the focus > let CF be 


1 : with the diſtance" Al an 

„ bed, cutting FC again in the pöint V 

f and join CB and Bx. para 
7 Then becauſe the angle AIF is a tight I line 


B n — an 


ole, - ht Py Ir is oo babe a. to the * 
cle IC 2 and the a n « fright #7. 
ha. DMN. | to AB, of this.” © 


c angle ALN i is a. at right Al 
e line AB is drawn through the 

enter; utting che line CM at right angles 

E is * equal to LM: Now becauſe CL "35.15 

s equal to LM,. and LB is common, and 

he angle CLB equal to the angle BLM, 

oth being right angles, therefore the line 

3C is f equal to the line BM. But BC is f E. I. 14 
equal t BK; therefore if about the cen- | 1 of fbi 

er B, with the diſtance BK, a circle be | 

leſcribed, it will paſs through the points 

„C and M, and conſequently KD will 

2 4 * tangent to the circle K CM. Appin. wa 116.8; 

had IF-is a tangent to the circle I CM, * 

and FM cuts it in the points Cand M. 4 

quare of IF is f equal to the rem t . 

8 Ponraineg between MF and FC; and for 

ie ſame reaſon the ſquare of FK is equal 

to the ſame rectangle contained between 

F and FC; therefore the ſquare of IF is 

equal to the ſquare of FK, and conſequent- 

ly the line IF is equal to the line FK. Bur 

becauſe the lines IA, FG and KB, are all 

parallel to one another, and cut the two N 

lines IK and AB, IF + will be to FK as 42. 1.6; 

1 AG 


le; and #395. 1 2 


| 8 40 oB; wwe equal t 
N fore 4 is equal to Gh 
ꝝꝝãʒs hiſected in G, at 4 

* the — 


= a * ee to 4 tangent, 4s biſef 
ee by a diameter drawn. through! th 
point of contact, or is an ordinate. 
that Kneten which was to aa dem oh 
ſtrated. 
Cor. 1. From fs nce, and prop. 5. 1 fl 
_ lows, that a line drawn from any point 


48 : he axis; alſo an ordinate drawn tot the 5. 


| 7 axis through the focus, is equal to th 
* | . -latus rectum of the axis. 
i Cor. 2. From hence it follows, that 165 
3 right line, as AB, which is tert 
= | nated both ways by a parabola, | be bi 
3 ſected by any diameter EG, that lin 
will be parallel to the tangent whil 
| is drawn through the vertex E of the 
* | diameter; for if the tangent daun 
8 rhrough the vertex E be not parallel to 
ei. AB, let a tangent be drawn.“ parallel 
ll to AB, then will &; diameter which pe 


bore * propoſiion) bie che lide AB; 5 
pleas the ive. AB, chereore the ine 4 


; which 3 ir hubs ee 
or, 3. All the as 1 to one „ wal oh. 
diamere e one ano- 


br. 4. Two or more . Mies rermi- na 
nated- by a parabola, and parallel to 

one another, that diameter which bi- 

ſets any one of them will biſect them 

all; for that one which is bilected is 

* parallel to a tangent which is drawn t cor. 2 if 
from theyertex of that diameter; there W 

fore they are all f parallel to the ſame tel 
tangent, and conſequently the diameter 1 
drawn through the point of contact will 
bifect them all» 

or. 5. That right line which biſects two 


or more right lines, parallel to one 

another, and terminated both wa oss 
by a parabola, is a diameter; for if. | | | |} 
not that diameter which biſects one of we 
heſe lines, will by the preceeding cor- \ 3 


rolary biſe& them all, and conſequent- "= 34 


pa ly every one of them will be biſe@ed = 


- the vertex of 


any diameter. 
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THEOREM XII. 


e, if from any point. in the 2 of 
ö parabola a right line be drawn, pe 


1 PDPendicular to any diameter, Pi 7 
? 75 4 ordinate to the Same diameter, L 9 BL 
Maqꝛuare deſcribed upon the perpenil 

_ _ cular will be equal to the rectan 
1 contained between the abſciſs and i 

latus rectum of the axis. a 78 

b Caſe 1. H EN the diameter i is the 

xis of the parabõla. 
: Let A be any. point taken in t the pei 


phery of the parabola AB, whoſe. focus 
C., its principal vertex: B, and direc 
4. DE; from A let AF be drawn, cutting ti 
1 axis BC at right angles, then is AF 2 fem 
| — 1% * ordinate to the axis; I fay, the ſquaret 

AF is equal to the rectangle contain 


f EF was We proven ow = 2 


f the two 2 e upon AF and 


uares e a 


contained between 


ill remain che uare e of AF, vere eddie | 
ed between FTB 
nd bo; thar is, . een of AF is e- 
qual to a rectangle contai 


between BF, - 
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the abſciſs GS is to the abſciſs GK. ad 

Therefore, The ſquares of all ord 
nates to the ſame diamever. are 't0 oli” 
another as their reſpectiue ee! 4h 
which was to be N 1 


ae XIV. ud 


17 f from any. point in a  Panabola an 0 ok Po 
nate be drawn to any diameter, i rab 
Jquareof the ſemi-ardinate ire 
a rectangle contained between the eme 
ißt and the rectum of” the di equ 
meter. | 


Ir AD be any pal, ADa dis Ne 
L meter, and EF its directrix, and from 
W in the parabola let GD be 

| wa a ſemi-ord nate tothe diameter AD, 

ad cutting tho axis in I. and let the dia. 


nete AP jrodhicad:aix Hs Aivecrix-fa £5 
fy, the ſquare of DG is equal to the 


fy; ww 'V 


D and four times AE, or the latus re- 
be of he diameter AD; for through A 
vertex of the diameter AD draw AH 
nll the ſemi-ordinate GD, and cyt- 

ing theaxis in H, and AK JDETPCNC | 

he axis, and through B the ern 

aw BL a ſemi · ordinate to the diameter AD. 

Then becauſe AH. is drawn through the 

ertex of the diameter AD parallel to the 

wn nns Bl. the line AH is a * tangent ; cor. 6. 


Again, becauſe AH is a tangent to the 

arabola, and cutting the axis in H, and 

om the point of contact A, AK is drawn 
xrpendicular to the axis, therefore HB is | 
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and from the fame point A let AK be dra 

adicular to the W FK ,andAD 


of che — is to ps en of the 
ſemi· ordinate AD, as FK the ſquare of the 
diameter, intercepted between the dired- 


rix and perpendicular, is to FB the fourth 
$ at 


* 


AA” 20 wht WI $7 3077-5 10 $a 


þ — dean 1. 1 


cis, Ain 1 AB a eur 
—.——.— : point A cutting —— 

x BK in E,. and AD a ſemi- ondinate draw 
om the ſatne point A. cutting the'dia 
job); therefore ED is biſected in 42 B35 {18 of this 1 
d becauſe the angle AKE is a right angle, 4 
e ſquare of AE is cqual to the two 4E. U. 5 | 
huares upon AK and KE. and the fquare * 


f AD is equal to the two ſquares upon 
K and K D. But the ſquare of AD i5 4 e. {is of thin 
ual to four times the rectangle contained 
tween FB and BD; and the ſquare of AK 
| equal to four times the rectangle con- fi uf chit 
tined between FH and BD; therefore wt 
he ſquare of DK will be equal ro four 


nes the rectangle contained between B 
cds id BD. Again, becauſe KB is any how 
F cheſt in D, and BE equal to BD is added 
rech. I it, therefore the ſquare. of EK is * equal *z E. 1. 
urth p four times the rectangle. contained be. | 
= B&____ G : „ 


The Aleribed 1 000 AK 
18. FER 9 are 


the ſquare of AD; a8 bur times — 
raum between FK and BD iv 


FB and BD. But four times che f ctang 
contained between FK and BD is to for 
times the rectangle contained between 
#12. 1.6. and BD, as FK is to FB; therefore t 
ſquare of the tangent AE is to the ſqu 
of the ſemi-ordinate AD, as FK the ſegmet 
ofthe diameter, intercepted between thed 
rectrix FG and the perpendicular AK, | 
to FB the fourth part of the . vo 
of the diameter x. ky 
Therefore, I? from boy: ik * 
periphery of @ parabola an ordinate 
drawn to any diameter, as alſo a ta 
gent cutting. the diameter, and a hi 
perpendicular to the ſame diameter. il 
ſquare of the tangent is tothe ſyuart! 
the femi-ordinate, as the n, 


r. 1. Frome wall 
ſquare of a p erpend to any 
iter, drawn from Poiur . periphe- | 
ry of a parabola, is to the ſquare of a 
tangent drawn from the ſame point to 
the diameter, as the fourth part of the 
latus rectum of the axis is to the ſeg- 
ment of the diameter intercepted be- 
tween the directrix and perpendicular. 
or hecauſe the ſquare of the tangent AE 
by the above demonſtration) was pro- 
ven equal to four times the rectangle 
contained between FK and BD, and the 
ſquare of AK is equal to four times the 
rectangle contained between GC and 
BD; therefore the ſquare of the perpen- 
dicular AK is to the ſquare of the tan- 
gent AE, as four times the rectangle 
contained between GC and BD is to four 
times the rectangle contained between 
FK and BD, that is, as GC is to FK; 
wherefore the ſquare of the perpendicu- 
lar AK is to the ſquare of the tangent 
AE, as GC, the fourth Part of the /a- 
Fu 
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the diameter, is equal to a recte 
tained between that — 8 
meter intercepted between its v. 


7 o th f J f * —— 


fd Dre the axis, the | =, 135 1 
rectum, An the focus « F at ; 
la which I given in, ET i 
ET ABCD be any en it is re-. 
gquired to find its diamerers, its axis, 
latus rettum and its fobus. 4 
fitſt, for nme Take any o 1 


8 


and through Ae Seine: A id B | S. 
av AD and Be * parallel to ont ano. #31 2.1. N 
m of the pa- Y 1 


ſecr 1 


ola again in the points B and C. + bi- t1oE.l-1, 


er beau the poiics Pand Prem 2 
1 in the ä — pr 
* un Mer the parabols, which le 


the W. 


wok 5²³⁴ 739795 fi OS a0 


nl or 5 one . and termin 
| ed both ways by the periphery, the e 
43554 7. GF is a f diameter to the |  3/then Jy 
* fore chere is found a diameter to theyin 0 
parabola ABCD which wis ro be d 
. Secondly, A diameter, as: F. b Pet 
found, it is required to find. the 518 8 
Take any point in the diameter 760 0 

low its vertex, as H, and from H draw H 
4118.11. + perpendicular to FH; which let be pn rod 
duced both ways until it eut the periph 
10 E. l. 1. TY of the parabola in 1 and K; * Biel 
; IK in the point L, and through L d 
131. l. 1. LM F parallel to the diameter GF, . A 
ing the parabola in M, and from the poi P 
M let MN be drawn parallel to I. 
aw Then becauſe ML is parallel to Gf 
1-4 of 4% ML is a + diameter, and the line IK is 


this. * o 


rdinate inks becuaſe mu the * "a 5 of 
| crexMof the Aahetes LM the hne MN 
parallel. to its ordinate IL, there- ; 
ore the line MN is a f tangent to the pa. f cox. 6. pre 
ib dla; s a EX 2 angle LMN is a 3 OY of this, | | 
ig zh angle 1 the diameter, ML is the 
axis: Hence there is found the axis of #cor. 2 771 
given parabola; which was #0 be done.. 
Thirdly, The axis being ns, to find 
6 latut reffum: and focus. 8 
Find a? third; proporti il to a dub * 118-06 
ines ML. ard LI, which let be O. me line 
) will be the + Jatus refum of 
id the fourth part of O will give the : 14% * 
pcal diſtance from the yertex of the axis; of this. Y 
herefore there will be found the Jatus 1 
edtum of the axis and the n which 
vas to be dome: 
After the ſame manner, if the EN 
roduced from its vertex, and a part cut 
f equal to the focal diſtance, ſuch as 
P, and through the point P a right line, 
PO, be drawn at right angles to the a- 
is, the line PQ will be the directrix of 
he n 


W * 
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und 
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With 4 given right. ne, and 
out of it, to deſeribe a p. 7 wg | 
will have the given line for iti 
Ns and ane aum a 4 for 

EI AB * bete een ene and 
the given point, it is required to d 
ſeribe a parabola, which will ae AB fit 

its Grech and C its Wes. 4% 

Firſt, It is plain that the parabol * 
44%. 1 of be * deſcribed by the aſſiſtance of a ſquar 
. and a threed fixed ro it of the ſame lengt 
| with one of the ſides of the ſquare; ors 
ny point in the periphery of the patabol 
may be found n —— Conf 
| tion. ugh 
1 g. 1. Through the phine C draw CB + pe 

pendicular to AB, and take any 47 

it, as D, and draw DE perpendicular 

BD, and from the point C in the line Cl 

produced cut off a part, as CG, equal i 

BD, and about the center C, with the d 

ſtance CG, deſcribe a circle cutting the 


line ED in the points E and F: I fay,th 
: 1 


uk ar ar in che periphery 0 df the. 
rabola, - which has the point C Hor its 
cus, and Al its Mrectrix | 


el to BD, and join EC. 

Then becauſe C is the Solas and CB 

| drawn: at right angles to the directrix 

3, CB f is the axis; and becauſe AE is 1% 4 of 
mlb BC, and ED is parallel to AB, 


onſtruction) equal to CG, that is to CE, 

therefore AE is equal to CE, and conſe - 

quently E is * a n in the . h 

he parabola, i 
And aſter the ame manner may it be 

roven, that F is a point in the periphe- 

y of the parabola; and by repeating the 

ore operation any number of points 

ay bo found in the periphery of a para- 

holz, and by joining theſe points the pa- 

abola will be deſcribed, which has the 
point C for its focus, and the line AB for 

ts directrix: Therefore there is deſcrib- 

d a parabola, which has the given right 

line for its directrix, and the given point 

out of it for its eng 3 which was to be 

ne, 


For fromthe point du. TH paral- 31. l. 15 


AE is + equal to BD. But BD a 


— 


cu Fro Rom i Allows? "0 _ 
bola may be deſcribed, the line of dire. 
Ction and vertex of the axis being g 
'ven; or the vertex of the axis and fo. 
Cus given; Or if the axis its yertex,: 1 52 
latus rectum be given; and laſtly, 1 and 
| the axis, the focus, and latus ener Ta 
ll + 7 af the axis begven. 9 HC 
Caſe x: If the directrix AB wy vejtex 0 the 
1 the axis H be given: From the point 
. I. H draw HB 3 — to AB. and par 
| make HC equal to HB, then will the par 
Iser. pr. 1 point C be the + focus; then by the 3. 
985 bove propoſition may the parabola be 
deſcribed, whoſe focus is 0 n dirs 
Sx AB. 

Caſe 1. If the focus he 0, 8 vertex ; of 
the axis H: Join HC, and make HB 
i - _ . equal to HC, and from the point Þ 
. draw BA at right angles to BC, then 
5 will BA be the directrix, and the parabs- th, 
la whoſe facus is C and derbe, AB, be 
_ deſcribed as before. 5 
Caſe 3, If HD be the axis, the donn ii off 

its vertex, and the line IK its Jatns re. 
1E. 1.6, (wn; Let IL be taken + equal to the 
> |  - fourth part of IK, and make HB. and 
HC each equal to IL, and * B draw 


ba 


©2.7 KEI Oy 
N 


be | the em. and AB tho -dvettrix; 2 20 
and the p , whoſe focus is C, and 9 
| 2 AB; Hoi deſcribed as before? 
4. If HD be the axis, O the focus, 

ba IK the Jatus roctum of the axis: Eb 
Take IL the f fourth part of IK, make f. 1.6. 
HC and HB each. equal to IL, and from 
the point B draw BA f p erpendicular to 12 E. l. 1. 
BC, then will H be GE vertex of the 
parabola, and AB the directrix, and the 

pagla be deſcribed a before, 
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PI OBILE N IV. 


* 719ht line and a point in it being gi- 

"Wl ven, as alſo 4 point out of it, which 

2 is below the point in the given line, 
n 


to deſcribe a Parabola which will haue 
the given line for its axis, the given 
point in the line for its principal ver- 
tex, and which Will poſs 7 OY the 

other Point. 


ET the given right 0 be AB, the 


) o the 
. and given point in it A, and C the given 
int out of the line AB, and below the 


point 


PIR 5 * is required ee. 

bola ep the line AB for dy mich 

will ys through the point C. 

For gene ne O ler CD bo d 

HH. v2 E. ln gt 5 right to AB, and find b BF: 
fut. f third proportional to AD and DC. 1 

191. lle, take EG t equal to a fourth part of U 

and make AH and Al each equal to * 

*51E;1.1. then from the point H draw HK * p 

lel ro CD, and deſcribe a parabola, fu 

as LAM, whoſe focus is I and directi 

HK ; I ſay, that parabola waren Hroug 

the given po S 51. 

For becauſe AD is to DO as DO 

EF, the rectangle contained between Al 

' tr72.1.6.and EF is f equal to the ſquare of Cl 

and EF is the y lh rectum of the dian 

| 2 16 ter AB, conſequently the e in 

periphery of the parabola LAM; ther 

there is deſcribed a parabola which: has 

given line AB for its axis, the given oil 

in it A for its principal vertex, and whiſ 

paſſes through the other given point 

which i is out of the given line, and belo 


che given point; herd Wes ke * 1 
PR( 


FR oo ; ur I 0 N Walt. 


| - 2 15 N 5 * N SS z "of BE +2 * 13 's 227 -th A "4 ' : 
* 957 % . * 8 1 i - je * +» 5 * 
: ; N + * — . 0 22 75 
3 * 1 Ky : * 4 
13 # £2 . „ 
* 55 


Wo. right, Haas 3 given, er 
cutting one. another, and a third line 
of any magnitude being atſt given, to 
deſcribe. 4 parabela which ſhall have 
ene of the given lines cutting one . 
other for s diameter, the other a tan 
gent, and the. third line given of any 
I, for the latus rectum or par. 


ameter of that diameter. 


ET Alland Ac be the two giv 
cutting e another at the point A, 
d DE the 5 given finite right line; 
is required to deſeribe a parabola which 
wem AB fbr a diameter, AC atangent 
uching it in the point A, and the line 
b for the Jatws Nen og tan of 
> diameter AD. ä 
o Take DF, * wewy ro che fourth part of · . 1 6; 
wy, E, „ and make AG e- 
nr al to DF, and through G draw GH at 
right angles to GA, and make the angle f r E. l.. 
Al Fo equal to the angle CAG, and the 23 H. I. 1. 
ght line Al equal to AG; then deſcribe 


Pu e parabola A whole focus is I and "22 of this. 
| di- 


y 85 
290 5 of this. AC i 


ting one andrherfor 4 di 
3 a tan apgent, Fwd he ehird g 


| 536 is dee AB; which 


>, 


* 
5 4 * * 5 . ty 1 
I” be done.” q d * wt 4 . [$5 24 1 3 Wh FE W. 
* 1 R 7 Ly . 44 FX 


PROPOSITION. XzMW 


i th agruen right line anda give 7 
in it, as alſo-any.other line gium 
— magnitude and poſition cutting the ji 
given line in à point below the 
given point, to deſeribe u Farah | 
bed: will: have the firſt given 
for a diameter, the given point in 
the vertex. of that diameter, 4 
which will. paſs through the. ext 
mity of the other given line in fuel 
manner as that line may | 1 4 Jen 
ordinate to the diameter. 11. 


.in 
hone 


DC is parallel to 
e tangent: AE, DC-is a * ſemi-ondinate 12 1s 
er AB; and becauſe AD is 
DC as DCis to F G, the rectangle con- | 
ined between AD and FG is f equal to 17 5.4.6 
e ſquare of DC; and becauſe from the 7 
int C the line CD is drawn to the dia- | 41 
neter AB, parallel to an ordinate, and ©; 
ae ſhrting it below its vertex A, ſo as to 
ake the rectangle contained between the 1 55 
cis AD and latus rectum FG equal to 
I | the 


23 


— 
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LE 


Point 2 fixed, aud the right hi 
. moving Yen Ele Fer 


it began to move at; the 

| ſeribed by the motion of the ri 

and having the fixed point 

their vertexes, either of which 

faces may be infinitely augmented, | 

| the right line with which they are gt 

nerated be infinitely produ i callil 
a conical ſurface. | 

5 = 5 2, II. 


center — te 


y 
2 1 #3 
Pays * 72 & 
1 3 


N Ween 
ace, . be ter 
nd the circum Venere of the circle, js 5 
alled a cone. „ 971 85 Li 5 
the cone is that 
#8 the Vertex of the conical 
WIE, ...... 

the oonè is a right 

ine o mbich 5 is 7 rom its vertex ta 

be center of the circle. 

7, 16. The circle it ſelf is called che 

We f e 

17. A cane which has its axis per- 
endiculay ta the baſe is called a rect- 

lular ood Eo... _ 
9, 18. Thofe cones are called ſcalens, 

which have not their ai Per, 


er to their baſes. 4 


5 coincide t 


Er B AC be the ; "farkice of ar any ” con 
„ and the right line AD) 


its vettex ; 


1: _ Joined ro the point B in the furface; ; La 40 
| jghr line ADB will wholly. oinci its 
with the ſurface ; for, if poſſible, let iro . 

| coincide with the 9 and let Oh * 


| _ the right line which deſcribed tt 
and let BFC be the circle round which 

= 4 moved ; therefore if A remain | 
5 EC move round the circle BF E. 
the line EC ls through the point B 3 
conſequently there will be two Lift . 
 Tighr lines ADB and AGB, havin 9 the fu 
* ax, 198, extremities, which is * abſurd, 
m1. Therefore right lines drawn from t 

| vertex of a cone to points in the far 
Face, will wholly coincide with the ſil 


Face,; which was to be demanffrapes ” 

3 . Os Ss „ 0 

(a ) This is the firſt propoſition « of the fir | book 
Apollonins Pergens, | 15 


% 1 M l * 


orosrrien xXVIU 


_ * 


TRHZORENM 8 


4 cone be cut by, a plane Palſi ing through © 
itt vertex; the 52272 ir 4 Pages hned 
triangle (a). r ä 


a, 


> wn 4 Fo ** 
* 4 
4 45 * 2 : 4) r - 2 9 ** KS 


ET ABC be any cone, its vertex A, 

and its baſe the circle BCF. which is 

by any plane paſſing through the point 

and making a ſection that is bounded 

1 the ſurface with certain lines, as AH 

pd AK; and in the baſe with the line HK, 

hich laſt line is a * right line: I fay, . £16 
HK is a right lined triangle. 

For becauſe a right line drawn in the 

utting plane, from the point A to the 
vint H, f coincides with the ſurface of ia; of thi, | 


be cone, chereſore the cutting ſection, 2 | 5 
ur- ; 


(a) This is the third projoſiion of the firſt book of 


| hollonius. 


. : . "IM Therefore, If s cone be ci cut 1 
g  paſſug. through its wertex, the, 
3 is a right It ed triangle Which 


" the ſame wertex be cut by 4 plane] 
rallel to the circle about'wwhich't 
_ line moved . tes wg 


Arg 


ter in ae axis; „ that ; Pans 
ing between the circle, and that 
. of the conical ſurfuce — 
Ho” tween its vertex and the uri 
25-4 cone (4). 1 0 


— 
* * ; a a 
„ , ä 4 ; * * 
5 0 0 ad 1 Ez 


th. 0 * 'T * - —— 


:(4) This is the fourth propoſition of the firſt bod 
Apollonins, OT 


ich a the le i 9 — e 
e andl ler it be cur by any plane pa- 
470 the circle BDC, and let the Roe 
2 in the ſurface a ſigure b 8 
the line KFL; I ſay, the figure EHI. 
x circle which has its center in the axis. 
fot find *I the center of the circle BDC, * 1x. 1.4. 
join Al, then will AT 1 be the axis, Tor 12of 
| will meet the cutting plane, which let 
in the point K, and through the axis 
let any plane be drawn ABC, the ſe- 
jon made by that cutting plane, vis. 
, is at right lined triangle ; and be- $26 of this, | 
ue the points E, K, F, are in the cutting 

ane ELF, and alſo in the youu ABC, 

e line EKF is a right line Again, let *3 E. .. 11. 
y point, as H, be taken in the line DLE, 

ſn AH, which produced will meer the 

rence of the — BDC, which let 

in D. and join KH and IP. 

Then becauſe the two parallel planes. 

IC and ELF are cut by a third ABC, 

tir common ſections f are parallel, there- 4, 6E. l. 11. 
re BC is parallel to EF; and for the fame. 

40n ID is parallel to KH ; conſequently 

& hou © two triangles AIB, AKE, are ſimilar; 4,s. 1.6. 
there- 


5 E 
F 4 
e, 
2 


| fois KH to D; and alſo as 
| CRE. * is KF to CI; therefore as IB is to 
ſo is ID to KTI. and ſo is n e By 

P BI, ID and IC, are all equal © ane 
|| ti46s. therefore EK, KH and KF,” ref lter 8 
F. equal to one another; and after the ſam 


manner may it be? prov „that all d / 
right lines drawn from the point K vo f 1 
line EHFL are equalto one another; then  ; 
fore the figure EHFL is a' circle, adh 7 
its center K in the axis; and ſince the i 
gare -EHFL is a circle, it is evident d / 
the figure intercepted berween e = #: 
and the yertex A is a cone. et 
Therefore, If either of the nia E 
faces about #he-ſame vertex be cut h * 
plane parallel to the circle about ubig ! 
the right line moved that deſeribed th 1 


ſurface, the ſectios bounded by the fut 
Face zs a circle that has its center i 
the axis ; and that figure lying betwee 
the circle and that part of the ronici 
- Furface, intercepted between its vertei 
and the cutting plane, is a cone; whi 
was to be demonſtrated. 


b 


hrov 
be fo 
ther 
cone, 


ght 


. ) 


alla, thay tat * Del e 


7 3 210 
F Pe 
Fay 0 
pod, ue * 0 K a Mt; XXII. 4 


a cone be rat * 40 plane gane 
" through! the axis, as alſo by-another 
plane which cats the baſe of the cone 
in the dfrettion of a'vight line; per. 
pendicular to the bat of that tri. 
angle paſſing through the "axis, and 


plana, 4 F the triangle Pa ue 
through the axis; be. parallel to one 

fide of the ſame triangle ; the figure 
formed by the common ſeftion of the 
cutting plane and the conical ſurface, 
vill be 4 parubola having the com- 
mon ſection of the cutting plane, and 
the triangle paſſi ing 2 be axis 
| for a nnn 3 


ET A be 3 * 5 33 7 a: cone, _ 
the circle BDC its baſe cut by a plane 
„rough its axis, and let the triangle ABC 

Fe formed by that ſection, and cut by an- 
other plane which cuts the baſe of the 
cone, according to the direction of the 


ght line BG * to BC, and 
let 


; toe common ſettion bf the cutting 


ine MF ed 
1-ro. BC. r ee 


115 4J.11. LL an dIHis, + parallel. to hep 


Cj ſing through II and IH i is Pa allel; to 

| baſe of the cone; theref fore e plane 

125 of chis. ſing chrough LI and IH tis a circle ha 
diameter is LK; and becauſe EG is 

* 1.1.11. pendicular to BC, therefore HI 18 =p pete 


— 


X : pendicular 70 LK: ; therefore che 
13; E. contained between IL and IK. is N 
1.3. the ſquare of Hl; and for the ſame reaſon 


| the rectangle contained etween BM and 
1.” MC is equal to the ſquare of ME; there. 
F fore 


eee, — | . 16. 
Lis 0 the baſe BM; and becauſe the: tii 

les LIT and BMF are ſimilar e TY | 
Mi, o u FIte FM. herefore 

of HE is to the ſaue of Eh 8 FI * 175 Fe 
to EM; and if a p Nen f deferibed, f.. Ythin 
which has FM for its diameter, and F the 
yertex, and EM an ordinate to that dia- 
meter, and beeauſe by the conſtruction the 
j int E is in the periphery of the parabo. 

„ the point H + will alſo be a point in Hee % 
* periphery of the parabola. And after 
be ſame manner may it be proven, that 
all the points in the ſection arè points in 
e periphery of a parabola, and conſe- 
quently the figure EFG is a parabola, and 
FM the common ſection of the cutting 
flane, and triangle paſſing through the a 
xis, is a diameter to it, | 5 

Therefore, Ha cone bs cut by a plus 
aug through its axis, and alſo by an- 
other * which cuts the baſe in the 

K 2 E 


* 2 Mw 
3 * 
ad 


I 


> e dF 2 
N * : 
72 e . II 


a — 
MS x > ann x 


n 


1 
. . * * 
* thy 
LOIN 


m1 


x 


o 


Try IT 


7 FA 


+ 44.7 FO 
. n 


37 


2 DIED 
« 99 „ 


He. 
A 
v4 Ha 9 : oh 
2 $4.5 or 5 * LS 2 . : 
5 2 AE 
. e 2 2 * c . - | 
: E 
— r <4 2 3 7 if " 
| | N 2 —9 2 n . TY, 
<4 9H COIN e * | 8 | | 
N . N . * 
4 E 


* 
2 
Ps 


* 5 


x * A pag" e 1 Oe * Nen 


EEE 3 y to 


3 
6 TS hs Hae: 


_—__ . 


. 
* 
* 


* 


3 


11 
5 


tn SES 


* 


i. 


* * ” 2 
wy * 58. CEE» 
45 * 


e £ 
Z * 
0 


any two points, as A ond B, bs 
aten in any plane, an 


are feed the as 4 
7 who ofe e ir Lee than the 
by: moans 
1 Pin be moved round 
it until it return to the 2 
b whence it began to move, the threed 
F extended during the whole time of 
Pirevolation, the figure which the 
Nis by this revolution deſcribes i 77 
an ellipſe. 
W. The two , point: ts A and B are called 


4 


— XL 


e 8 the ye, 7 fie po 


oy 


* The diameter which; fa | 


diameter, an ordit 
mern, ©) 70 os Pu 1 ** 88 K 


2208 ow: 7 


ee eee 
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7 0 right lines be drawn 
the for cj, the 2 lines taken 70. 
ther are 140 in! length fo the griat- 


| 150 
28 i ve 1 | # fas 


axis. 


14 ho 
3.4.4 


„ riphery of an ellipſe, and A and B 
the two foci, and EF the greater 
, and let the two lines CA and CB be 
vn from the point to the foci; I ay. 
| thele 
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which the e 
and CB Ts 
in — ro 
_ therefore 
her are equal 7 in leng 


> *. " 


| e, If. mn any. 
Therefore, 62 ro 7 


tes on are 1 to The greater 
wn which was to be demonſtrated. N 
1. From the above 1 ** 
lors, that the greater axis of an . 4 
lpſe ĩs biſected in the center; for be- oF 
cauſe AD is equal to DB, and r | 
vas proven e to Br. therefore 1 27 
is equal to DF. f 
. 2. If two right 1 — be id tom 

ay point, without an ellipſe, ro the fo- 

ci theſe two right lines taken together 

xe greater than the. greateſt axis; but 

if two right lines be drawn to the foci 

of an ellipſe from any point within it, 

theſe two- lines taken together are leſs 

than the greater axis, both of which 

phinly follow from prop. 21. E. J. 1. 

ur. 3. From hence it is manifeſt; that 1 
the ſum of two right lines taken toge- | 
tber, drawn from any point to the foci | „ 
of an ellipſe, be either greater. equal to. 4 
or {cſs than the greater axis, in the firſt 
caſe the point will be without the ellipſe, - J 
in the ſecond it will be in the periphe- 1 
ry, and in the laſt caſe it will be with- 0 
me. g 
r. 4. The diſtance of the vertexes of 
IL. the 


* 


a ; 


VS, 


LL | AM and TIB. chen Vecaile 
1 . i N and DHA ig chm 
Y 1 atiples ane 


Wi 145 tn is eg OS the” baſe BH, Ahd. 107 * a 
1 propoſition) 2 25 
xe equal to che greater axis ; 27 
euch of chan d q | 
; eras. © 


Cor. 5. The keffr ab 
| , is biſected in the 
8 the focus A draw the 
and AG to its vertexes, which wh 


qual to one ari6ther, (by rheipreclÞ* n 
| ing cor) therefore the angles Abe The 
*;2.1.: AHD are equal to one andther, 1 

ce angles ABG and ADM ate n of 
126 f. l. 1. angles, conſequently GD is ＋ equi! A 
DH; therefore the leſſer axis f Wh 
1. | ſected in the center” D. 
F< 


"PR OPOS 7. 10N n 1. 


£4 Ty F 2 ts 


. Privepking ** . 


f Na of hatf- the foriter « axis 107 
any ellipſe is equar to a rettangle con- 
tamed between the ſegments" of the 
greater | air, intercepted between. 
its vertexes and one of the Foci. ES 


ET EGF be any ellipſe whoſe fogi are 
A and R. and D its center, EF the 
ler 4 , and GH the ſmaller; I fax. 
nA of GD, half the Gnaller axis, is 
al to a rectangle contained between FK 
| ents of the greater axis, 
ercepted between its vertexes E and F, 
d one of the faci A. Fox join AG; 
Then becaufe the angle GDA is a right 


m of the two ſquares of GD and DA: 


jo ſquares deſcribed upon GD and DK 


F equal to the ſquare of DE. Again, be- 
the line EF is equally cut in D, and 
3 cut in A, the quare of ED is 


A 1 AE, together with the ſquare of 
D; therefore the two ſquares « deſcribed 
L's „ 


ple, the uaxe of GA is equal to the 47 E. l. i. 


A is t equal to EP, thereſore the 1er. fr. | 


equal to the rectangle contained between 5 E. I. a. 


1 


! 


| gether with! cho ſj Uz 


contained n FA and AE, chat 


ments of the greater axis intercepi 


PE, if poſſible, be greater than DL, 7 
produce, and make DI equal to DK, 
from the points K. L and I, draw del 


there Sill remain the LY of 6D; 1 
the ſmaller axis, equal to the rectan 


2 


the ſegments of the greater axis inte 
ed between its vertexes and one of i its f. 

Therefore, The ſguare of haif t l 
ſmaller axis of any ellipſe it equal 


a rectan wle contained between the 1 


here 
J 
0 
between its vertexes and one b 2 re 1 
N Was 1 to be dcinvnſtraged. © 3 | . 
rRorosiTIoN 1. . 
JT wi E 0 R E N III. ch 


Fo very. e H. an ellipſe is ih 25 


Th 
in the center. 


a 


PETS Ie, 
2 


| ET KI. be a diameter of any ell 
— whoſe center is D, I ay, KD is 
to DE ; for if DK is not equal to Dl. 


— 


A, KB, mY b 14 e to, e * 
Then | * D* * al to 775 2 
1 5 che 431 


, therefore | #15 E ITY 


+ ? 
| 2 
ele 
* 
. 
* W 


qual to IB; 1 tlie two lines 

K and KB are equal to the two lines Al 
nd IB. But the two lines AK and K 

e equal to the two lines AL and LB, * 1 bis 
terefore the two lines Al and IB are e- 

qual to the two lines AL and LB; that i is, 

o links drawn from the extremity. of 

ne fide of a triangle, meeting within it, 

| nal to the two other ſides of the tri- 

vole, + which is abſurd; therefore DL is ee 
bot ſmaller" than DK, and after the ſame 

nanner may it be proven not to be great- 

r than DK; conſequently” the —_— 

L is biſected in the center D. 

Therefore, Every diameter 0 f an el. 

ſe is bi ſected in the. center 4 8 

as to be e N | 


* ry £ 
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ere AIV. $46 


"7 from any point. in the geripbet er [a 


Tt 
Sf ellipſe, which is nat the vertex & 
tber axis, a right line be drew tif 
neareſt ficus, 6s alfe.a line per gen 
cular ro the greater axis; and if fra 
tte verter of the axis neareſt w i 
| given point. 4 part be cut off cou 
the center, equal to the line dun 
from the given point to the nd mu 
cus. half the greater avis has 8 
Proportion ſo the excenericitg. 4 
ſegment of the axis, intorcepted 
tuen the center aud par pes wh q 
| bas to the exceſs by which half i 
greater axis exceeds the line amm 
from the given point te the wa! 
Pour. Alſo the ſquare of the ger 
dicular will be leſs than the rotten 
contained between the ſegments of i 
greater axis, intercepted between i in 
vertexes and perpendicular bya rel Th 
angle contained between the ſegmenny. 

| of the ſame axis, intercepted betw Kis 
the extremity of the line cut of 7 10 


— mens he = 
e. . e — WT 


xt 4 ABC © lids alliple, * 
er xis, D und Ehe foci, and F the 


enter, and B any point taken in the peri- L 
Jo hand nab 2 reps | 


axis AC, and He the 3 near- 

bio the given point B. OH is cut off to- 

ads tlie center eqqudl to BE: 1 fay, as 

, half the greater axis, is to EE the ex- 

triefty, 0 is FG, the diſtance berween 

e center and icular, to EH. the 

cols by Which: the) ſemi-· axis FC exceeds 

E the line drawn from che 3 — 

the neareſt focus. - 

for vin BD to che other focus D, and 

jour the center B, with the diſtance BE, 

ſcribe the circle IKL, cutting the great | 

e the point K, and the line 

din che points I and L. 

Then becauſe DE is double to FE, * def. 3 of | 

d EK is f double to EG, therefore ks | ; 19 

Lis double to FG; and becauſe DL. 1 

equal to DB, and BE taken together, 
| — JM 2 and 


he 
ad! 
Fo 
. l 


n F. 


fore the remaining part DI is "© N 
che remaining Part FH; and beta 
a DL and DE are drawn cutting the cite 
from a point without it, the rectangle oi 
3 37 WT between DL and DI is f equal 
che rectangle contained between DR A 
| $16 2.1.6. ED; therefore as DL is to + DE, ſo] 
DK to DI, and, by taking their halve 
it will be as FC, half the greater axis, 
to FE the excentricity, fo is FG, the! 
| ſtance of the center from the perpendiq 
Aar, to FH the excels by which half ü 
greater axis exceeds CE; that is; BE ü 
line drawn from the given pou 1 i 
neareſt focus. W. W. D. 
1+: ſay likewiſe, that the ſquare oi 
perpendicular BG will be leſs chan there 
-angle contained between AGand GC, ui 
the ſegments of the greater axis, inter 
ed between its vertexes and the perpend 
| cular, by the rectangle contained betyi 
DH and HE, viz. the ſegments of 
greater axis, intercepted between Hi 
| ——_ of the line HC, cut off toe 


de center er from, the, 
the. Hog s 


. 2 
Sol 59 


Go co the e 


FH are 4 to twice the 156i 

le contained. between CF. and Ff. to. 
cther with, the, ſquare, of NC; but the 
mare of HC. i is 

ſerefore the ty 
Cand FH are equal, to: twice the rect. 
le cohtained between FC and FH, to- 
le with the ſquare of BE. But the 

re of BE is 15 equal to the two 9 Here 1 


2 
25 


3 


ined between FC and FH, ri with: 
he two ſquares deſcribed upon BG and 
E. Again, becauſe (by the above demon- 
ation) FC is to FE as FG is to FH, 
berefore the rectangle contained deen 
C and FH f is equal to the rectangle con- 4162.1 ＋ 
ined between FG and FE; conſequently 
vice the rectangle contained between FG 
d FE, together with the two ſquares de- 
ibed upon BG and GE, are equal to the 
M two 


betu een its vertexes and the p 


4 Ep lar, the rectan le C the 
1 DH and HE, the ſegments of 
1 tercepted veen the extremity ro 
line ant of it 1 the center to] 
FG 
a A F 
| equ 
7 "Bb is a 
periphery of an Wife &c. which wu cut 
to be demonſtrated. 2 ; 


on Wes AB e a 9 nn, 


AC. be gies. andrbafeed. in F; and 
my other point, as E, between Fand 
| C be given, and from the point B BG- 
be drawn p ical; to AC and BE 
joined, to Which let CH be made equal, 
cut off from: C towards F; and if FC be 

to FE as FEG is ta FH, then will cke 

point B! ben the periphery of an ellipſe. F 
which has AC for its greater e and 

E for one of its foci.” 8 

r make. AD eq al to EC. aud let an el. 

lpſe⸗ * be deſcribed, which has AC for a 1 of 
its greater. axis, and the points D and 

Efor its foci, then will B be a point in 

the p peri y of chat ellir ple; for if not, | 
ſet the © ee, if paſſible, paſs through g 
the point” M, 5 join EM, and make 
N equal to ME; — (by the above 
propoſition) FN will be to FG as FE is 
to FC. Bur FE is to FC + as FH is to iel. 
FG, therefore as FN is to FG +10 is fi E. 3. 
FH to FG. and conſequently FH is * 98. bs. | 
equal to FN, a part to the whole. which | 
is abſurd; me ede the ellipſe does not 
cut the line BG in M; and after the 
ame manner may it be demonſtrarcd, 
M 2 5 chat 


: 


— 


en it follows.: ene 5 "L'Þ + 4 


* 7 * * 


ſquare = 53 axis is to = | 
rt be 12 the F 12720 of 


| axis, 1 ae the | 
fr awn 1 a and 165. 


70 


* 


wertexts 


— * 
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2 


firſt ler ir the! 2 to 
BD, as HK, cutting the greater axis in! 
I ay, the ſquare of the axis AC is to! 
— of the axis BD, as py 


©, v4 


0 Main ed 


yy 1 
> of 79 £799) 77 1270 . Fx Shi —»i? ñęæ COAT OTE Of 
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8 & 5 4 F n 5 * 
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tothe { 


pf 0 4 x Wend the ſquare of GC'is 
o thei ſquare of GF, as a part taken 
from the ) 5 v8. the ſquare of GK, 
sto a part; kaken from tlie other, vi. 


ler of the ſquare GC; vis." the rect- 
ontained between AK and KC, is 
the remainder of the we of Gp, 
15, the rectangle contained between EI. 
and LF, as the ſquare of GC is to the 
lquare of GFE; and by 
de ſquare of GC is to the rectar 


e con- 


er angle co between AK and KC to 


the exceſs by which the rectangle con- 


reftangle contained between EL, and LF; 


Then a becans GC is to 6 as Gk is * + of this: 


ic ſquare of GL; therefore + the remain: 419 E. I. 5: 


converſion, a8 tik. . 5] 


tained between AK and KC exceeds the 


— — 
* 
3 U 


| comtainedherween AK and KO the quan 
1 it will be, as whe. ſquare of the axis Ai 
. | 8 aan eee 


Fax :. + 271 = 5 N 1 
105 511 FT 8115 


233 


2 — line drawn from il 


„ 


For (by the alice Cd aa 
AY ſquare of G is to the ſquars of BG; 1b 
the contained between AK at 

re of KH, ar MG, Wbie 
154K. l. 1. 18 + equal- to it; by inverſion it will be 
as the ſquare of BG is to the er 

| C, ſo is the ſquare of MG to the 1 
auge contained between AK and K 


R 
8 


Ars toxhe reſidue of che- | 


1400 7 
| en —— WW. 
from any point. e 
be, à line be drawn, 
fing eber f che axes, and peratlelro. _ 
other, the ſquare of the axis rowhich 


is drawn is to the ſquare e tb t 
which it 4s parallel, as the rectanglsle 
tained het een the ſegments of the 1 
r, intercepted berweewthe line dra m | | | 


ue ing it and its vertexes, ir to the Wa” 
nee of that line; 3 which was to be A 
nstc! 4979505 | 12 

= Cor. | 


£8: s of, 
n * 


7 


) it is, as 0 a of A0 
Ek: to che = of BD, ſo is the rectaꝶ 


2 contained between AK and K to S 

| ſquare of KH, and ſo is the 1 rech _ - 
contained between AO and OC. wd cab 

enk. 5. | ſquare of ON; and conſequently all to 
; the rectangle contained between ARA .. 

| KC is to the rectangle contained betwe dre 

AO and OC, ſo is the ſquare of KH qual 

the ſquare of ON. And if HK be p KP, 


duced until it cut the periphery in 


of KP,” and 


AC and BD- are t con 
ir. 2. Any th 

ways by the artpicny!: of :4 an n ellipſe, 
and biſected by either axis, is 
to the other. Lee the right ling HP be 
terminated both ways by the periphery 
| of the ellipſe; and biſected in K by the 
axis AC, HP is parallel to the other a- 
xis BD; for if not, from H draw any 


as HR, cutting the axis in T, and the 
periphery in R, and draw RS parallel 
to AC, which cuts HP in S; then be- 


to TR, ſo is HK to KS. But (by the 
above corol,) HT is equal to TR, there- 


qual to KP, wherefore KS is equal to 
KP, a pat ro the whole, which is ab- 
N | Ard; 


is equal to KP, thar is, che two axes 
ate "diameters. 1. 


f 


of 


other lines if poſſible, + parallel to BD, 131 . bt; 


<4 


cauſe RS is parallel to TK, as HI is E. I. &. 


fore HK is equal to KS; but HK is te- + hyporh. 


| 


—_—— > 


1 cor. 1. fr, 
3 of this. 
133 E. 1. 1. 


134 E. J. 1. 


97. 
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* 


verſe axis through either of the 
be equal to the latus rectum of 

xis; for through the focus F let ZFa h 
| awn an 'ordinate to the tranh verſe: 11 


AC; then becauſe the ſquare of! Ci 
to che ſquare of GB, as the ri 


contained between AF and FC 


** 


— 


* 4 3 3 n > 


+ proc cue — ä 
the —_— 10% 3 
the ſame heren 10 one ee 0 


6s the the ſame lines in- 
tercepted berweens the given axis and _ 


the Y POOR 119 wes PR We bs «ot 74 


9 J, 2 is Oe #1 


©, AC the great- 1 
er axis, E the 


e axis AC for a e and from he 
| N 2 points 


” * 
ER 


« ; A a 
* 1 

Ian 9 5 8 
28 17 Tra 8 1 L 
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| eq Iy 
$158-1.6. ween' AH. and HCtis equal tothe fz 
ef LH; and for the fame 


| angle contained between AK and KL rip 
qual to the ſquare of KM; therefore ain 
rectangle contained between AH, and 8 
is to the rectangle contained between Ml circ 


and KC, fo is the ſquare of HI. to 


8 ſquare of KM. But as the reQtangle let 
Yep, r. tained between AH and HC & is to LH 
rectangle contained between AK and x is ce 

is the ſquare of FI to the ſquare of G LH 

tres. therefore as the ſquare of LH + is to ii ſequ 

: uare of MK, ſo is the ſquare of FH to t 

E e ſquare of GK; conſequently as the l dhe 

| LH is to the line MK, ſo is the | omen ed, 
"ow to the ſegment GK. . 5 ous 5 GK, 


ore, F @ cirele 6e Erl Peri 
__—_— * i, 


to the other axis, and produced Ws 
they cut the' per iphery of the cords; 
e Hue intercepted between the axis, 1 r 
ich ir the diameter of the circle, "— 
periphery, have. the. ſame proporti- 

70 9 another... a6 the ſegmente of = RA 
ſame lines. intercepted between. the 

WE 3 Bi the WOO: ; 


hich was to be 


N e 
nphery of the ellipſe, and L in the pe- 
nphery of the circle, the other point 

M will alſo be in che periphery of the 

circle; for if not, the Circle will cut 

the line KM in ſome other point, which 

let be N; Then (by the above p ro.) 

LH is to NK as FH is to GK. But LH * e 
is to MK as FH is to GK, therefore as 
LH is to NK, f fo is LH to MK; con- ff. l. 5. 
ſequently NK is 3 equal to MK, a part t9E. 15.1 
to the whole, which i is abſurd. After 

the ſame manner may! it be demonſtrat- 

ed, that if LH be to MK as FH is to 

GK, and the points L and M in the 


* of in cirele, and: F in the 
= 


"tbe fag 
ae 


"the ad 7 


o * 


* 
1 * 
A 


I OE API Hine is alf 
WH: | | BD, are cut off, and E any point 
betwint 1 1 2 der a 


+» 


N FW 
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. © (a) This lemma is taken from the 178 prop. of ib 
book of Pappus Alexandrinns, collect. marhemiis 


(FC: 


N ſquare & FB; for the ſame 

N engle contained . AD and DB, 
the Aer ey "by gain, 333 AF 
be to FB, and AC to DB, er ee 


angle contained hetween CB and ED, 5E. l. 3 

ether with the ſquare of FE, is equal „ 

the ſquare. of FD; therefore the reQ- 

e contained between AD and DB, to- 

er with the rectangle contained be- 

n CE and ED, together with the | 

re of FE, is equal to the ſquare of FB, 54 
is, to the rectangle contained between | 

and EB, together with the ſquare of 

; take the ſquare of FE which is com- 

from both, and there will remain the 

. 50 contained between AE and EB. 
ſegments of the line intercepted be- 

en its extremities and laſt aſſumed point, 

al to the rectangle contained between 

and DB, rhe ſegments of the line nnn 

epted between its extremities and one } 
— of 


or te 
zt, 


; which, was f 


ves ** 
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In an 2 ſe the tran foerfe 
_ greateſt diameter, and the ſmaller 
is the leaft; and among the vtheri 
- ameters tho ſe that are nearer | 
- franſverſe axis are greater that th 
more rem or. 1 


= * * 


ET ABCD be any ellipſe, whole ty 
verſe axis is AC, and ſmaller are 
E the center, and FG and HK any ol 
diameters; I fay, AC the tranſverſe i 
is the oreateſt diameter in the ellipſe, | 
the ſmaller axis is the leaſt, and FG ne 
er the tranſverſe axis is greater than 
more remote. 1 
For from the point F draw the line 
712 E. l. i. perpendicular to AC, and FO p 
cular to BD. 
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. "he greater * han che two ſquares. "OE. 
ribed upon EI. and LF. But the = . 
le contained between Al. and 9 a 3 7 
cher with the ſquare of EL, +i is equal 5K. l * 
) the ſquate of EC,” and the two ſquares _ , 
ſcribed upon EL and LF are f equal to 448.1. 1 
e ſquare of EF; therefore the ſquare of 

C is greater than the fquare of EF, and 
onſequently the line EC, greater than EF, 

Id its double, vis. the tranſverſe axis 

\C greater than tlie double of EF, vis.” 

he diameter FG. After the ſame manner 


i the tranſyerſe axis proyen greater than ö 
Vg other diameter; therefore the tran 2 
le 4 erſe axis is the greateſt diameter drawn | 


vithin an ellipſe. 


. 


Again, becauſe che line FO is Jawa) 30 
erpendicular to the axis BD, the ſquare |. * 
fBDis * to the ſquare of AC as the rect - 37 1¹ 
ngle contained between DO and OB is: 

dthe ſquare of OF ; but = ſquare of BD 


* 
is : 
"vs * 
* . 
2 _ 
2 . . 
8 Y 4 * 
; 1 * 
4 


* 


0 and 0B, Fon ©) Sith the wy are 4 
1 naller than the two ſquares deſtr 
LR” upon C OE and OF. But the reQang 
| \ contained between DO and OB, del 
f FE. 75 with: the ſquare of OE, is f equal to th 
5 ſquare of EB, and the tw o ſquares deſtiſ 
| $475. 1. ed upon OE and Of are + equal to tl 
uare of EF; conſequently the line E 11 
ſmaller than EF; wherefore the firaller 
xis BD--is, ſmaller than the diameter Gf; 
and after the fame manner may it 
monſtrated, that the ſmaller ani i 17 if 
E| than any other diameter in the ellipſe. 
1 I fay likewiſe, the diameter FG near 
the tranſverſe axis is greater than KH: mon 
| remote: 
*r18.1.1, For from H . HM* — 
AC the tranſverſe axis, which produce unt 
ir cut the periphery in Q. and from the 
| vertex A cut a part off it as AN, equal to C 
* Then becauſe from the poiiits H and] 
b ellipſe the perpendiculars HM and 
OP — FL are drawn to 00 axis S'AC, 2. 
rech 


1 2312 oY 
8 


'£ in 121 Nase AL And EC: ik6 


4d A a £ he ' N 55 * 5 % 1 3 £ q K * . 5 . 
ſo is the rect, . 7 

5 5 of this. 43-7 258 4 

- s "Ye 2 Af 
6 | YL 1 * 1 | 
. 'of FL; on.PM-which s U equal f 2+. 1. 


t excecds the rectar ae N | 
ned between "yp 550 LC, by the _ | 

gle containzd-berween. NM and M.; 
d becauſe HQ is “ biſected in M,. the* 12 1 pr: 
ure of: HM; execeds the ſquare of MP,. 
by the rectangle contained between HP f E. I. 2. 
nd PQ; therefore the reſidue, vi. the 
tangle contained between NM and MI, 
is to —_ reſidue, viz, the rectangle con- 1. H 5: 
ined between HP and PO, as the whole 
angle contained between AM and MC 
to. the whole, vix. the ſquare of HM. 
it the rectangle contained between AM 
d MC is “ greater than the ſquare of 49fthis; 
M, therefore the rectangle contained be. 
een NM and ML is f greater than the + 142.1. 5: 
tangle contained between DH andPQ; 
id to both the ſquare of EM, then the 
Qangle coldulel between NM and ML, 
gether with the ſquare of EM, that i is, 25 
et ſquare of EI, is greater than the rect-· 4; E. . :: 
ple contained between H and PO, to- | 
ther "with the ſquare of EM. Again, add 
92 to 
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44 


hf" "PB 
* 15 N HY 


* EN) 1 


und the rio Ge 0. TY 
qual to the ſquare of EF; 
5 EH, and the line EF greater 
EH; and conſequently the diameter 
nearer the tranſverſe. axis is green 
the diameter AK more remote: 2 a 

\ Therefore, Ts an . 
I verſe axis is the greateſt. 
„ the Jnatier: axis bags Lea 


* 


LET 
* 


. and 0 


5 


er "the tran ver / 2 axis are men th 


tho ſe more remote: 5 which Was to bel lip 
monſtrared. 2:55 1 þ 16111025 5 br , 

1 3 0. Yo b 440 f %% 
„ e = EF 
„ 5 
- e from a FORM Point in the periphery of E! 


5 " ellipſe, whith is not the vertex 


1 art, We | produced ain: 
t cut the e periphery: of a Circle de. 
ee Noel the di her axis for 2 


tan gent be drawn to the circle; that 


ter ſeckion a ' line be drawn to the gi- 
ven point in the periphery of the el. 
lipfe,. that line 1s 4 tangent to the 


gent to the ellipſe, and from the Point 
of inter ſection of the tangent and 


line drawy from the point of the el. 
lis I parallel to the other axis cuts 


a f it, that lime is a tangent to the circle ; 
 W 4/7 a line drawn from the vertex of 
I. ¶ ore axis parallel fo re other FA a tan- 
ful ou 70 he ellip fe.” ; 

of ET ABCD be an Abc. AC an IY 


its two axes, and * its center, and 
let 


diameter; and if fm that point 


tan gert produced will cut the line 
which 17 both” the diameter of the | 
tirche and the other axis of the el. 3 


'lipſe ; and if from that point of in. 


ellipſe: Or if a line be drawn a Len 


common diameter of the circle and el. 
lipſe, a line be drawn to the point in : 
the periphery of the circle, where'a a 


1 * / 
+-,- 


ter: " cle 4 AFO "I deſcribed upon 

* and. from the point H in the periphery 

2 ere, which is not the ve tex of of” * | 

1 ther axis, let the right line HK be dra 

3 to the axis BD, and cutting Fi 

periphery. of the cid. F, r 

draw FG a tangent to the circle, F In 

Agnaced will meet the axis AC: For qu : 

1 FE, chen becauſe F is a tangent, the aq. 

EL. GFE is a * right angle, and BEC is ati 

angle, conſequently the two angles Gi] oftr: 
and FEC are leſs. than two right angle?" 

therefore the lines FG and EC Product 

5 will meet; let them meet in — point 

5 and join LH; I fay, fs a we 

the ellipſe; - - 

Por if it be not, let it, if poſliblay net 

the periphery of the ellipſe in any oth 

. 151 E. I. 1. point, as M, and from M draw MN f pu 

rallel to the axis 8D, which prodgced em 

41 ttte line FL in O. 

Then becauſe MN is parallel. to HK 

Þ9E.1.r. the triangles MNL and HKL. are + equi 

ee and for the ſame reaſon the tri 

angles FKL and ONL are equiangulir 

4E. I. 6. therefore as LN is to LK, * fo is NMI 

EKH. Again, as LN is to LK, ſo is N 

pM | : * {q 


— Ss 
ST s 4 


þ is NO t to Kr. Ber H Sl Mae uE 

nts in the periphery of the ellipſe, and 

js a point in the periphery of the circle, 

refore the other point O is likewiſe f in N. 4 

; periphery of the ellipſe ;  wherefore 7 

line FL, which is a tangent to the 

cle, touches it in more than one | 

ich is abſurd; conſequently the line 

is a tangent to the ellipſe, W. W. D. 

After the ſame manner may it be de- 

nſtrated, that if HL is a tangent to the 

pſe, FL is alſo a tangent to the circle; 

) if through B, the vertex of the axis 

, a right line be drawn parallel to the 

r axis AC, that line is a ange to 

ellipſe. 

or if not, let it meet the ellipſe in an- 

er point, as P, and through P draw 

Lt parallel to BD, interſecting AC in 31A 

and the circle in 8, and let EB pro- 

ed cut the circle in R, and join RS. 

hen becauſe PB is parallel to QE, and 

to PQ, PE is a parallelogram, and 

Lis“ equal to BE; but as BE is to PQ, *34 E. l.. 

is ER to PS; e RE is equal f 6of bi. 

SQ, and parallel to it, conſequently 

is parallel and equal to QE, and the 

e SRE is a right angle, and from R 
5 5 the 


® cor. 16. 


K. l. 3. Gan 


bro 
PETE W ch 8 55 the a C lip le in a 
other point than B, and conſeg quent! * 


1 | Tangent to it. 45 
ö 1 Therefore, Tf from any 1 okke in i Y 
periphery of an elipfe, Cc. which; 

| to be demonſtrated. L 


Cor. 1. From hence ir follows; . cla f 

one point no more than one. line a 

be drawn a tangent to the ellipſe; i 

if two lines could be tangents to the! 

lipſe in the ſame point, then two ri 

lines would alſo be tangents to a 

Free. I. 3. and touching in the ſame: point, ful 
| is abſurd. £3 

Fl. --. Cor. 2. Any right line cutting an dy 


cuts it in no more than two points; 


if it cut it in more points, then youll. IJ 
a line cut the circle alſo in more pol ho 
than two, which is abſurd. © _ _ | oy 
Cor. 3. The angle comprehended. berwe 5 
any diameter, except the axis, and For 
tangent drawn through irs vertex 6 4 
wards that ſide, which produced 


che axis, is greater than a N 19 


AC — ſm axis, (the 
* above prop) then an le 
EHL be? greater than as angle 


which | is a fight angle. | | 
r. 4. From hence it is ben how to : 
draw a tangent to an ellipſe, from a gi- 


ven py _ if (4 gn axis EP 8 = 


ven. 
: 
0 
++ ak. 4 
* : & 


PROPOSITION Ix. 
T-4zOREM IX. 1 das 


gb. lines. drawn tangents to an el. 
lipſe, from the wertexes F. an 2 dia- | 
meter, are parallel to one another, 


ET ABCD be any ellipſe, AC its great- 
er, and BD its ſmaller axis, and HT © 
y diameter, and from its vertexes H 
d T let HL and TX be drawn tangents | 
the . 5 1 y. HL is angry to 


b. or let the tasta produced meet OE | 
is AC in the Points L and X. and de- 
ibe a circle which has AC for a diame- 
7 n from H and T draw the lines 
P = 


— +<4 ( 


£ 


8 


— 


7 . N * 
1 7 7 „ 4% 3 . i 
1 1843. 600 3 40 'S 5 (itt + $8 
3; a wt 5 * „ & 4 + ab 
7 * 


Y the ellipſe, FL a 
1 east the circle; 8 


* 3 ofthis: HEK, ard the fide ET * equal to tho 
E. l 1 EH, therefore HK is f equal to YT. bi 
I cel tbi. as KH is to TY, +: ſo is KF. te Y 
IF | wWherefbre the triangles and'YEV= 
= | _ in all reſp Ast dend d 


IE 


3 angles VER and KEF. But the t Two ang 

7 Ei; E. I. 1. VRR and VEV are * 0 1 COL FO 1. 

Z angles; wherefore the two 
and KEF are equal to two 

| and conſequently the two lines FE a 

= 1 J. 1. EV f make up one right line. Un 
. cauſe KF is equal to 


« angles KFL and VV. equal to fro 


F : : s being the complements of the two £q| 11 


K and EVI to a fight angle 
PISS 4 Where 


1 K o * M X. ag 


„ r 
4 


ile tren right lines be. 


, 15 feci,. and e Pine 


* 


"4 


4 line he draws hiſetting. the gut- 


228 


ward angle cortained letaugen ane 
theſe liuet aud the other. 


7y of au ellipſe 4. tangent be drawn, 
it will 2 eff che aul feand angle con. 
tained between one of 5 Fl np thy 
from the poiut of. 
and the other produu 


P 2  LTBF 


= 


| 
( 


> 


„ $6, . F 
e *% ; * * *. T 


ke ; BG © 


- * * 


BF is common, and the contained f. 
* 5yzoth. GBF is * equal to the contained Angle A 
IE. L i. therefore the baſe GF is I equal r6 the be 0 

8 FE. Again, becauſe BF is parallel 90 

If ap. 1.6. as GF is to F E, ꝓ ſo is GB: to BD; th 
fore GB is equal to BD; but BG is eo 

wt BE, therefore BD is equal to BEN 

BH is common, and DH is e equal 10 1 

_=—_ conſequently the triangles DBH and H 

have the three ſides of the one equa 

the ſides of the other; therefore the ar 

E. l. 1. BHD is * Equal to the angle BHE, 

conſequently both are right angles 6 EW en 

% 6% fore BH is the f ſmaller axis; and find 


this. 
a 3 i Il 


, 2 . 
OE * , * 


4, 
4 . 
* 7 


ke ; any nc line BE, 40 K. and | 
ir the. lines n e be 561 
2 2 angle 
BF: equal to- the contained angle FBE, 
ae the: baſe Gf is f equal to the 14 E. L. f 
1 he angles GEB and BFE are 
wh to; — and conſequently 
cht angles. Again, becauſt GF is equi 
EE, and FK is common, and: the cor 
ined angles GFK, KFE, are each right 
ples,” therefore the baſe KE is equal ro 
e baſe KG. But DK and K taken to- a 
ther are t greater than DG) thatis; greats 120 F. l is 
than DB and BE; but DB and BE are 
equal to the greater axis AC, therefore * 0f this, 
JK and KG, that is, DK and KE taken 
gether, are greater than the greater axis 
C; conſe quently the point K is f with- for: 5.0 
the ellipſe. - — the ſame manner An 
5 it be demonſtrated, that any other 
point 


—— —=— 


_ ellipſe 
\ feet he. . angle Contain 
tween one of theſe 


ei aid gerate axis 0 mu any ellip ſe 
ring given, to draw a right line a 


angent to the ellipſe, and parallel 7 
0 another right tine given. oy \ 


* k 1 


ET AC be the greater axis, D and E 
the foci of any ellipſe, and MN a BY 
it line given; it is required to draw a 2 
gent to the given ellipſe parallel to the 
n line MN. From 


vill 


- 


* 1 


A <4 IF" 2 8 5 1. 8 
2 2 6 þ {4 OS „ 1 5 : 
F | 5 KK * 4 g =; y : * N 
a : Z ** , 4 
0 2 Rs. 3 
AC, | z ia wok: 
| qu to * defer be 4 circle 
f . — jo s 
; 4 * * Fre” *. FF + < 
EY 5 7 * 4.7 POWER 8 
Lin F let or 
Fn 9 10 % 2 , * * « 
ws 7 ; 


W „ , 
＋ * + 
; ” . ; * 1 5 a, N 
p = 2 x I N Y q 7 
5 2 : ©. had 2 # 4 
— N * 4 
E ; 
\ * - - 2 * Sy . * ' 
A - * : yo - * — a 
CA 4 q 4; ” 55 D * , 
EE 1 * : 4 
8 * 
e - 
* * x N > 4 x} ” * % 
5 2 F #& * y »& % 
#: J . « 15 
** X 1 * . FS +; «452 1 
* . 5 


, Ines 80 1 BF + "ral 

dia: 

e con 

2. l .. *equal to BE, dia 
and BE taken together dre equial ta 00 gen 
1 that is, to the greater axis AC; pu dia 
ay in quently the point B is þ in the periphen of 
ble of the ellipſe.” Again, let BF cut the i ar- 

GE in the point F ; then becauſe GE WY are 


N right angles to MN, and BF parallel to 
therefore the angles BFG, BFE, ate 

angles; and the angles BEF, Bor, 25 

dual to one another, conſequently the 

maining angles EBF and FBG are alſo 

210 f this, qual to one another; therefore BF is 1 
tangent to the ellipſe, and parallel to d 

given line MN; which was to be dont 

After the ſame manner may another li 


be drawn a tangent to the hs and | 
dai 


Aa, © 


her ee where ahi: 5 deerbed + 


of ; 0. | Jr 


eros from xn.” 
* H E o K E M XI. 


the eriphery of an ellipſe, and pa- 


are con) jugate diameters. 


r of the axes, the tangent drawn through 


to Fi be parallel to thar other axis, and 


l w uh the yy of contact; but if the 


x D cits the line H a 


Iny righ by 2 rr both Ways who G | 


'rallel to a 4 tangent, is biſefFed by @, + 
diameter drawn through the point of 8 
contact; and if it be biſected by any 
diameter, it will be parallel ; to a tan- 
gent drawn from the vertex of that 
diameter. Alſo two diameter c, one 
of which 15 parallel to a tangent 
draun from the vertex of the ag! | 


IR ST, if the dlameter that is dw. 
through the point of contact be ei- 


vertex will be parallel to the other * v. g 
xis, and conſequently the right line itſelf | 


erefore biſected by the axis paſſing cor. Fil 2 
K dia- 


+, © 


fel to 9 85 W 


5 ; | 1 Wes the line EF. is. biſected 
, I let the =_ EF and Bl 
73. [ cut t ne diameter AC in H and 


bout D as a center, with the diff 
1 deſeribe the circle ALC; and from 


1 E, B and F, draw the lines EM,,“ N 5 
E. l . FO, * parallel to R the other axis, 

3 which produced cut the periphery.) 1 
1 circle in P, L and Q; join the. lines 
& | -LD, PK, which laſt line cuts. Di 1 
vs the line PK will paſs through the ro 
IP for if not, it will cut the line Qi 

; other point than Qu: as in 8. all ou 
| Then becauſe PM is parallel to — 


25K. l. x. triangles PMK, SOK,, are + egquiang 
and therefore as PM is to SO, l 
do OE; for the ſame reaſon the-rrigal 
„EMK, FOK, are ſimilar, and as E 
FO, fo is MK to OK, Wherefore) ag ' 

tik. I. 1. is to FO, ſo + is MP to OS: But as 
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Say 10 i PM*-QO, ale "5pan Þ 1 
jucatly S0 is f equal to QO, e , 
be whole,” which is abſurd. ' After the 
e manner may ir be demonſtrated, M - 7 
Pk cannot cut the line in any other © 
int than Q. Again, becauſe BN is pa- 
ulel tö FO, and EK to BH, the triangles 
OK. BNH, are equiangular ; therefore 
BN is to FO, f ſo is NH to OK; but f 48.7.6; 
BN is to FO, + ſo is LN to QO; there · 4 6of ibi 125 
ire as LN is to QO, ſo is NH to OK; © 
nd the angles LNH, QOK, are right angles; 
rhcrefore the triangles LNH, QOK, are | 
. and the angles L. HN, QKO, are s. 1.6; 
conſequently the lines PK and LH 
T alſo becauſe GK. is parallel to 
H, as MK is to KH, tio is DG to GB; f >E. k&, 
b becauſe KT is proven parallel to LH, | 
DK is to KH, fo is DT to TL; there- 
bre as DG is to GB, fo is DT to TL, 
rerefore TG is ft parallel to LB. Again, f: E. l. 6; 
ecauſe BH is a tangent to the ellipſe, there. 
bre LH is a * rangent to the circle, con- * 8 of this, _ 
quently the angle HI. P is a f right angle; 4298.4 1. 
nt becauſe PQ is parallel to LH, the angle 1 
TQis equal to the angle DER; chere. 4 
re the angle DT is a right angle, OE. 
* the line TP is + equal to the | 3E. * 
Q 2 line 


5 * EF is bilecked in N hg 
Again if ET be biſeed i in Fo 


8 for if not, ſome o tange 
k of his to. the ellipſe 7 pal el to EE, ad (by che 2 
above demonſt.) will be biſected by a dMHHdicul 


. meter drawn through the point of contad 
6 ipod. but it is + biſected by the diameter are 
FEI therefore. the line EF will be biſected le thi 
two different lines cutting it in ae {+ 7 
= points, which is abſurd. big 72 Is | 
eg and GH be two: diametenrcqus 
RR andBF a tangent to the ellipſe draws DM; 
due yertex of the diameter BE, and if Cl NM; 
5 5 the other diameter be parallel to the 2 
gent BF; I fay, the two diameters BE a right 
ED OH are conjugate diameters : For let I 
be either of the axes, and D the center Leq 
+ the ellipſe, and the points P and Q its f line 
| ci, and upon AC, as a diameter, deſcriſcuſe 
| the circle. AKN, and from the points Þ is di 
* 750 f. 1. and H draw the lines BL and HM * pz fr 
Eh | rallel 1 to the other axis, and the che 


— Br and E Ho 5 didn d cut 
axis in the 2 ben 
e lines KF, ON. KD and ND. 

Then becauſe BF and HO are ratigencs” || 
the ellipſe, - cutting the axis AC in the. . 
ats Fand O, and from theſe points tile 
s FK and ON are drawn to theſe points 

the periphery of the cirele,- where per- 
xiculars to the axis drawnt through the 

nts of contact cut it, theſe lines FK and 


i: the line BL is parallel to HM, and 

eral + parallel to BF. therefore the tri- 4 byporb. 
7 les BLF and DHM are equiangular; 
teWſcequently as BL is to HM. F ſo is LF * 42.1.6: 


M; therefore as KL is to NM. ſo is 

to DM; and - the angles KLF. DMN. 

right angles, conſequently the 3 

MN, KLF, are + ſimilar, and the angle; 6E. 1.6; 
L equal to the angle MDN; therefore 


cauſe KF is a tangent to the circle, and 
Vis drawn to the center, the angle EKD 


ef right angle; and for the ſame rea- 418 E. l 35 
ne pa the "ary OND is a right angle; and 
fince 


iphe 


= 


. 


N are I tangents to the circle; and be- + S h; 


DM; but as BE is to HM. 5 ſo is KL 4 Sebi. 


line KF is * parallel to DN. Again, *:7 E. l. 1. 


l tis + eighe ange, — ths i [ 
IE. l. 1. f parallel to NO, and the angle k 
equal to the angle DON. hut the x 00+ 
KLD, NMMO, are right angles} there. 

448. 1. s. as + KL is to MN, ſo is LD to MO; 
s of this, as KL is to MN, ſo 18 BL. to 1. t; the 
16. L6. fore the triangles Bl. D and HMO' are 
milar, and the angles BDL, Wee a 

qual to one another, con ; 
ameter BD is parallel tang 
But right lines e by the perip 
+ xy of the ellipſe, and parallel to HO, t 
is, to the diameter, are (by head 
monſtration) biſected by the diametet Hl 
and for the ſame reaſon the diameter 
- biſes all the lines terminated both w. 
7 tho periphery of the elli ipſe, paral 
the diameter HD; — the wo d 


1 Therefbre, 4 right k Bae eme 
both ways by the periphery of aw Alli 
aud parallel to a tangent, is b1ſetted 
| a diameter drawn through the point 
contact; and if it be bi ſefFed by a 
ag ameter, it will be parallel to a tang 


draws from the vertex of that diam 
Te, 


IL — 


| 


0 5 t eee, : 080: wif which 
u, t à tangent draus fam the 
; of the other. are conjugate dia. 
u: which was to be demonſtrate t. 
ref * All the e e dia- pans 
er ate parallel ro. one/anothier. Alb, 
del dv or more: right lingabe teamitni- Ons 
bi borh ways by the periphery of an 

ple, the diameter which biſects one 

[them will alto bile all the-reſt, be- 

hu the line Which is biſected is pa- pore »- 

ll to a tangent drawn through the 
ex of the: diameter which biſects it, 

yyſequently they will be f parallel to f30 E. L. x: 

e lame tangent; therefore they arc all 
[pietted by the fame diameters. | f pare 1. 

2. The fins which biſects two . ye 
{right lines, terminated both ways by | 

$ periphery of the ellipſe, is a dia- 

eter; for if not, any diimeter which 

iets one of them will (by the preced. 

pr.) biſect the other, and thoſe two 

ies will be biſected by two 3 

es, which is abſurc. 

3. A right line drawn from they ver- 

x of any diameter, parallel to an or- 1 
pate to the fame diameter, is a ran | 

q mn Mi | 


* = 1 
* . - 
» 


"on 


NP Ye 
«45S I! I 


3 die each ober; for if they do b 
. kel be ringett dam dem the 
,which is drawn tt 


Tat 


y both heb 
„wide f 


cur. . Conjugate Aan are each 
kreallel to a rangent drawn thro! 
vertex of the other diameter. A 
d4daqameter can have no more tltan one 
àx⁊̃meter for its conjigate; for if it! 
| another, then would they both be 
;  _ _ -rallel to a tangent drawn thre 


; _ - vertex of the firſt . 


* 


[ 
5 . 
q 


-whieh is ahſurd. 2 5d 


3 chr. 6. A right dne drawn froni che 
| tex of any diameter, parallel to its c 
* Jugate diameter, is a tangent to the 
| Al Gr: 7. A right line parallel to ary = 


meter, and terminated both ways 


he N of FD, conjugate, and chere . 
ne will be“ biſected by the fame S dia * 
beter; and ir it be biſected by any dia- 
beter, it Will be parallel to its cor 
ute 1 a 
5 fs . 


! N 
- 


1 


f orb x a line Wo bahn 
Ir to the axis, and through t 
ties of al any ordinate to that A 
ſich i is drawn throngh the interſ&Qion' 


f the pe peri riphery of the llipſe, — wh 
ne drawn, perpendicular , to the axis, 
yo right lines be drawn perpendicu ular | 
b the ſame axis, and cutting the peri- {41 

hery of the chele, at dif theſe points of 1 
rerſection | be > joined with a right line, EE 
lat line is parallel to the tangent of the +. 


x . % . 7 . * 

- 4 1 K 7 * 

cle: . , . . . b | . | ? 
by * 1 * v A 7 3 } 
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1 from any point i in the periphery « 

__ ellipſe à right. line be drawn cat 
an diameter, and parallel. Pr its (1 
Jugate, the ſquare of the dian eter 
. Which it is drawn will be zo the fqu 
of the diameter to which in ig par 
el, as the rectangle contained betw 
the ſegments of the firſt diameter, 
rertupted between its. VETFEXET 4 
Fbe line that cute it, is to the {qu 
of. the line drawn cutting it's a 
' the ſquare. of the diameter to-wh 
the line is drawn, be to the fol 
the diameter to which it ig paral 
as the veffangle contained bepul 
the ſegments of the Arft ment 
diameter, in tercepred betuion | 
line drawn and. its vertexes, it 
the ſquare of the line draw ci 
it, the point from which the lin 
drawn is a point in the n 
#he ellipſe. : 


ET ABCD bs ay ellipſe | zeal 
Z two conjugate diameters, and 1 


4 


þ ne-dutrn alete 
AC, the : damerer ro which i it is ES 
E der 2 to | 


he Wham abate = ceater I. with 
: diſtance ns: IH. deſcribe a cirele, 


7 ellipſe. in K. eek from che f points 4. 
Band: K. draw the lines AL, EM, BN 
d KO, * iperpendicular,to the axis GH, * 12. lr 
ad cutting the periphery of the circle in 
Ie; points: P, 22 Rand S; and from the 
dints P. and R draw. the lines PT ang 
1 2 to! the. circle, and cutting 116 f. Ls; 
dae in the points T and 
— — elliphe; a BF Sich 3 uus ] 
parallel to AT; until it cut the axis in 
then will the points X,. Q and 8 be 
N be right line that will be f parallel to Fi of this. 
T; join the: lines PI. IR and VF, which 5 4% 
# produce until it cut the axis GH in Z. 
R 2 and 


wo 


Big * 07 W 6 alt 24 | 


8 ER 


, NR. a . ee ee 
IP: equal to the fide IR. enn th, 
525 E. l. . equal to PL. 41 
IPTis a right 
pendicular to IT; t 
ESE. J. 6, IPL is * ſimilar ko tie 
becauſe the line VZ is r 
to PT, tho. tri 


4. s, fore as IP is to PL, f ſo is XV to 
But becauſe QM is Parallel 1 to "YZ, as XI 
| 


— 


+. HL NAS. Gap TI OT ZOE nr Wr 


why tb — hen 461 th i * 
W. +16 is BF; oonſdq 
— of C W 
moan AFL | 


of 1A 25 ee i 
are of 1b ig vo che 5 


of Y Q; ifs 2 
e 


U to the” erceſs by which che 
A exceeds the ſquare 


of IF/ cht is +50. l 


But before it was as the me 
. che 0 wary! 'of TRE o is. che en f 4 
— 9 | 
een cf 5 FA; 85 > ai ii 
* Nere of EF; and 
e. as the 
| ſquares — 


—— Chant FA ry 19 2 gust 

2 Bz to the Haare of BE; —.— altet 
Non, 8 the l ſquare of A, the diam 
c which che:line- is drawn, ista th 
of H the diameter to which g part 
Dis the rectangle — betvigh 
4 1 70 and FA NING WIE Mameter, 


** Wwe ine drawn eurting MK 1 Wand. 
1:Again; if fomaay pe Bi: Ev bed 
poop to the diameter Band Nm 


Its conjugatr diameter AC in Fs and Mint 

Aquare of! AC che to the dquare of The; 

che rectangle contained berueen A b 

Ben bee. of BE 51 y. te d be d 

is int in the dE aw 108 

5 periphet eig cauſe 

5 nation the Une EF in che poins.B it pat 
bent ir in ſome other point. which, if nay 


ible, let he in e; then becauſe e ig ff 
An the periphery of the ellipſe, ef is di 
Parallel to the mere Eee v1 ti 75 


wonſtration) it will be a8 the ſquareof 


is to the ſquare of BD, ſo is the edu 
eee dernen & andFA to Shi 


— 


re. But as pee c | 
ae of BD. * 0 is the: rectangle con- — * 
: n rere FE. march £ 4 
wen A and FO i is — 
f ſos che reckangle contained between nba 5 
and FO to the {quite of eg; conſe. "I 
y the-ſquare of BB is f-cqual TONY 
ure of eF, andthe line EF equal to the 
e e, a part to the Whole, which is ab- 
d. After the ſame manner may it be de- 
nſtrared, that the periphery of the el- 
ſe carinot cut the line EF nenen 
int than E. E 
Therefore, 17 from any point in the, 
rphery of as ellipſe, &c. which Woe 
be demonſtrated. . 
u. 1. From hence it follows, that be- 
caſe the ordinates of any diameter are 
* parallel to its conjugate diameter, EF n Oli 
may therefore be confidered as a ſemi- 
ordinate to the diameter AC; and con- 
ſequently the ſquare of every ſemi· ordi- 
fate to the ſame diameter are to one an- 
other, as the rectangles contained be- 
tween the ſegments of the diameter, in- 
tercepted between the vertexes, and the 
rpeCive ordinates. | 
Cor. 


"BY 


* 


1 as 8. 5 aeg erp 


— ds For if che pen a b 
. ellipſe does not cut the linie ab ry 
uit cut it: in any other point, as in 
chen will db and EF be two ſemi- 
nates; therefore as che dure of of (8p! 
to the ſquare; of db, * ſo is the rectag 
contained between AF and EC to th 
rectangle contained between Ab and b 
ee as the retangleioontainedh 
tween Ab and bC'is to the ſquare « of 
K* ſo is: the rectangle contained bet wo 
Ab and bC to the ſquare of bd; al 
conſequently the ſquare of ba is + eqU 
to the ſquare of bd, and the line bat 
_ qual to the line bd, a part to the-whok 
which is abſurd, ne the pow „ 
is in the periphery of the ellipſe. rute. 
Cor 3: Any- diameter is to its latus rectu the / 


* 
qo 


bewween its vertexes and an erde 7 
d del of that ordinate: For let 
ph be the latus rectum of the diameter | 
| AC; then becauſe AC is to its conju- 

zue BD, as BD is to gh; therefore 455 1 BB 
AG is to gh f as the ſquare of AC iso . 46 = 
ke ſquare BD. Bur as the ſquare of AC © mm 
i 10 the ſquare of BD, + ſo is the rect- #13 o/thiq 
mole contained between AF and FC to | 3 
the ſquare of FE; therefore as the dla- | 
meter AC is to its latus rectum gh, 

ſo is the rectangle contained between 511 E. l. A 


Fand FC'ro the {quare of FE. 


PROPOSITION xIV. 
THEOREM .: 1 1 | 


V circle be deſeribed having for its 

lumeter. any diameter of an ellipſe, 
md two or more ſemi-ordinates be 

aun to that diameter, and if from 

the points of inter ſection of the ſemi- 
rdinates and diameter perpeudicu- 
err be drawn to that diameter, and 

Etting the periphery of the circle, 95 9 
Foe ſemi-ordinates will have the ſame 


8 a 9 - N 


V. 


Fiel even The e and. te 
- Phery of. the, cirele: aud. -#he./a 

. or dingtes. haue the. — af grqhert d fro 
o, que. another 4 gerg | 
the diameter, drum from 4 70 ere 
A interſektius of the Nen be 


5 7: 5 and diamater, aud if the. extren [ £BO 
e one of, thoſe lines be in the pen 

. Phery of à circle deſcribed upon f; * 
diameter, the extremity of the ul"! he 
ine will alſe: be in the Beripbem ie is 

25 the circle; 5 07 if the ger pandicy, at! 


from the geriphery tue earch; Kc thi 
the diameter habe the ſame prop! G 
on to one another, as tae lines jap. 
from the point of inter ſection of arec 
diameter and perpendicular n pard9'c 
to the ordiuater of that diamei qual t. 
and if the extremity of one of ti 
lines be. in the periphery of the 

By lipſe, the other line wil teu 
iu the periphery of the ellipſe... | 


* ABC be any ellipſe, AC any | 
meter, and D its center, and let if Lang 


circle * be deſeribed haying AC K " erefo 


-— 


jt | 9 ines i die ; 
Very of The lip,” 8 And F, let 
ates BG, FH, to che diame- = 

AC; be drawn, cutigg it in Gand HH, 

d from the points 8 aud H ler the lines 

. HK be dw perpeadicular tothe 

- AC, cattitg the Periphery' of the 

| 5 in E afid K: I y, the fei- erdi- 

0 BG 16 to the femi-örcfnate FH; as the 

endkicular EG is to che perpendieulaf 

| i; for þ öduce EG, Ani Let it cut the 

iphery of the circle in L; then becauſe 

5 is drawyn through: the center, cutting 

Lat right angles, EL is * biſeted in G. 3. l 5. 

d the e contained between AG 1 

Ic GC is + eq ual to the rectangle con- 131 C. l 24 

ined best EG and GL, that is, che 3 

e GE; for the ſame reaſon the rect 

& conbained between AH and HC is 

el to the ſquare of HR; wherefore as 
ctangle contained between AG and 

he WC is to the rectangle contained between 

uſe H and HC, fo is the ſquare of GE to 

e ſquare of HK. But the ſquare of BG 

. Fit the Thuard of FH, as the rectangle to. r. 

yd ntained between AG and GC is to the WE" 

er tangle contained berween AH and HC; 

10 ſerefore the ſquare of BG is to che ſquare 

l 8 2. of 


R 
c 
))j7)35b70 ¶TÄĩnʃʃ 

bs OLA ACE ͤͤ——— WE 


poi | 

which Hh Ac 1 3 of | ithe & eli 

for its diameter, the other point K will 
ſo be in the periphery of the 11 | 5 

not, let the periphery of che circle cart 

line KH in any other point than K, as] 53 

Then (by the above demonſtration) st 

ſemi- ordinate BG is to the ſemi-ording 

FH, ſo is the perpendicular EG 00 

perpendicular MH, But as BG is to H 

t byzoth. f ſo is EG to KH; therefore as EG ig 

n KH, 4 ſo is EG to MH; conſequeui 

9 . l. j. MH is * equal to KH, a part to the whol 

ulhich is dard; therefore K is a pain 

the periphery of the circle. After the fu 

manner may it be demonſtrated, that 

1 from the points E and K in the periphc 

1 8 of the circle, the perpendiculars EG, K 

be drawn to the diameter, and from Ga 

H, the points of een of the di 


Mete 


roportion to one an- 
Ter and 


\ of che © other lite is als "i th er 
xy of the ellipſe. * SN 3 | 
Therefore, If ac wile be 4 riet ha- 
or ite diameter any diameter of 
wg ſos" We. which: Was to be e. 


*. 10 TY p * 
9 A 


- From: jence K follows, if two ey 

utes to the ſame diameter be equal to 
ne another, the ſegments of the dia- 
meter, intercepted between them and 
the center; will like wiſe be equal to one 
mother: For if the ſemi- ordinates BG, 
Pq, to the diameter AC, be equal, then - 
N the perpendicular EG be equal ta 

the perpendicular PO; and (conſequent; 
ly DG will: be * equal to DP; and if 14 E. Lg 
dinates to the ſame diameter cut off 
equal ſegments from the center, the or- 
res themſelves ap allo _= to one 
mother. 


PRO, 


- and a apgene to the cine by 
+ which .cuts.;that dlankrer prod 
and from the Point 


r if Rs, the —_— of 
an ef che tangent and Wa 
ine e, 


meter, and E the crank; 1% 
coach 


; 


DG be drawn bene en AC) 
GB a ſemi-ordinate to AC, meeting 
periphery of the ellipſe in B, and Jo 
Yay, che line BF is a tangent to * The 


Lk ee in, 1 — teueb 
Tv aß dhe ellipe. in anarhes = 
t, a M. and from H day HK-a ſs | i 
8 6. adiaare. ta the diver; AC. cutting | 
e 92d e K draw KLE perpend 1. % 
UW to A. ering the line FD alen „ : 
; ſun ben Lk i en et, c 
s ECL, Fab. ere equizngularz a2 
wore ag, KK is 00 U, f fe is. KL tot E. . 
; and for. the ſamo reaſon the trigygles 
„FB. es ſimilar. and as EK is te. 
1 KK xe 8G; conſequently. 28 BS 
„ HK,-+{ is DG: LK. Bot BG 11K. l 3. 
HK are ſemi-ordinates to the diameter 5 
d DG and LK are perpendicylars 
te lame diameter AC, and D is a point 
the periphery of the circle deſcribed 


n the diameser AC; therefore L wilt 
wiſe be a * point in the periphery. of 14 hin 
lame circle Bur I. is a point in the 
FD, which. is a tangent to the cirele; 
quently the tangent FD. touches. the 
| mphery of the circle in more than one 
at, f which, is abſurd. And after the 4 .or.16.; 
nc manner may it be demonſtrated, that .. 
kz be a tangent to the clipk D is, a 
Went to the. circle. 
Therefore, e 4 cixcle be deferibed th 


van - 3] 


* oY 
| of 
. * <2 
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> l 1 
„ r "hs * 
A — — W ORIENT, 
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d 
N 2 —— 


FE: duces, a —— . JPN 
deres. . be draws t0 the d 
$3 ter; and from that point of enter 
. a ordinate be drawn to the ſame di 
El. ter. and if fromthe point of intenſe te 2: 
ee the diameter and tangent a'right i 
be draton to that point . the peripl 
8 of aw ellipſe where the ordinatec 
it, that right line is a tangent to 
| 22 which: was to be de aft f pe 
| PROPOSITION v. 


THEOREM XV. 2 


If from any point in the a aral. 
i an ellipſe a tangent be drawn ne 

ing any diameter, and from the pu deſc 

of contack an ordinate be draws 

the ſame diameter, the rectangle ci 

3 rained between the ſegments. of t| 

1 diameter, intercepted between the ml. en 

=: - dinate and tangent, and the oramugy” Fl 

and center, is equal to a rettans ang] 

contained between the ſegments of i © D 


q diameter intercepted between the Ae 
8 


eter. I P71. the * tontainied 
tenthe ſegmentr bf the diame- 
— between its verte ver 
the tangent,” is equal to A rett᷑. 
le contained bettvocen the ſegments 
Ftbe diameter, intercepted between 
the tangent and center, and 10 Fans 
jr? and ordinate. a | | 


IT ABC be ni ellipſe; E its cearet; 
AC a diameter, and from any point 
Is periphery, as B, let BF be drawn a 
ent meeting the diameter AC produ- 
lin F, and from B let BG be drawn an 
Inte to the diameter AC: I ſay, the 
ingle contained between AG and G 
qual to the rectangle contained between 
Jand GE. For upon AC, as a diame- 
deſcribe the citele ADC, and from G \ 
D* perpendicular to AC, and cut- 11 E. l. v2 
| the periphery of the circle in P, and 
DF and DE: 
Then becauſe FB is a tangent to the 0. | 
e, FD is 4 7 tangent to the cirele, and 11 15 of li. 
able FDE is a f right ang le; and be- 118 E. l. 3. 
41, ws is at right angles to AC, the 
Ne of DG is * equal to the tectangle ; & 5 
4 * con- . & 4 


R 


'® cor. 3B. 
9 I 


7 Cs —— che rectangle 
tained. between EG. and GE, 4 at i 

| ſegments: of the dia intercepted 
tween the ordinata and center, ad o 

nate and tangent, are equal. - to the 1 


angle contained between AG and GC, er 
the ſegments: of the diameter intercepiÞ wge 
DErwers The, ordinate and beef 1 1 
| —_ 


"Ah 1-4, the- roctangle. ont od 
teen CHand Ex is equal. to the.redtan 
contained between Ef and FG Fe 0 
conſtruction, remaining the lame) been 

the triangle FDE is right angled at D, a 

D s perpendicular te the baſe FE ü Net 
*cor. 8 f. fore NE, ꝗ that, is EA, isa mean propo 
| he tional between FE and EG; and; ou 
quently the rectangle. contained bety 

1 E. l. 6. FE and EG is * equal to the ſquare of A 
Again, ' becauſe the line FEE is any hd 

t R. i. a. cut in G, the ſquare. of FEE is . equal 
the rectangle contained betwe or 8 0 
FG, together with the rectaugle cc 

ed berw cen FE and EG; that is, ac 
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deer Ak 3 NN 
(ed in E, and RF is a0 cbed to fr, the 
ne of FE Is equal to che r 6 
d between FC and FA, tegether with 
uae of AE; ; egen che rect- 
pher with ths ſquare of AF, is equal 
ctangl contated Between FO and 
eber ith the ſquare of AE; take 


bork ths odittaitv Hare of A. and 


xe will remain the angle contained 
deen FC and FA, vis. the ſegment of 
dameter, intercepted between the ver- 
s of the diameter and the tangent, e- 

| to the rectangle contained between 
nd FG, viz. the ſegments of the di- 
er; intercepted between the tangent 
| center, and the tangent and ordinate. 
Therefore, If from any point in the 
Phery of an ellipſe, ce. which was 
be de demonſtrated. 

1. From hence it follows, chat the 
emi-diametet is a mean proportional 
etween the ſegments of the diameter, 
tercepted between the center and tan- 
gent, and the center and ordinate; for 

1 | as 


\ 
* 


as FE is to o EO. 3 BA, n pull 

13 gona EG; and if EF be to EA a8 E 

to EG, DF is a tangent ; for if! 
from D draw a tangent cutting the WC] 
meter in M: Then decauſe as EM; | 

EA, ſo is EA to EG; conſe quent 
Ef is to EA, e K. FL 
fore EM is equal to EF, a 
whole, which is abſurd. 

Car. 2 The ſegments of he —ç — 
tercepted between its vertexes and 

tangent, are to one another as the 
ments of the ſame diameter intercy 
between its vertexes and the ordin: 
For ſince FE is to EA as EA is to ; 
by conyerſian it will be, as F 1 i 
FA ſo is EA to AG; and by doub 
the antecedents it will be, as FC, u. 

ther with FA, is to FA, ſo is AC 
AG; and by diyiſion, as FC.i 1 to! 
ſo is CG to GA. 

Gor. 3, If CF be to FA as c io | 
or if CF be to EF as] GF is to 
in both theſe caſes the line DF is at are 
| gent: Far firſt, po cause CF is to A h 

Eu; CG is to GA. * compoſition) 

— CF. together wit wy is to FA, ſo 


F|. .| - Caro Gaz wy hy 


SAP Fiona 
— n 


r 


A, tos is BA 65. GA; and by * on- Jer 
xcrfion; as EF is to EA ſo is EA to 
GE; therefore the line FP is a ff tan- f 1 
gent to the ellipſe. 2. Becauſe CF. 


this Ah WA: 


b to' EF as GF is to AF, and ſince 
tie whole is to the whole as a Ka: 
js to a part, the reſidue CG is to 15. U 
the reſidue EA, as the whole CF is to 
the whole EF; and by converſion, as 

F is to EC, or EA, ſo is EA to EG; | 
therefore the line DF is' a f tangent to l Fraps of 
the ellipſe, es 


PROPOSITION XVII, 
THEOREM XVI 
„ from the vertexes of two conjugate . [| 
Al ameters of an ellip ſe, ordinates be Do 
to dan to any third diameter; the ſum \.2 
the ſquares deſcribed on the ſeg- 
to Of ments of the diameter, intercepted 
o between the center ani each ordinate, 
4 fore equal to the ſquare deſtribed up- 
FA half the third diameter: Alſo the 
on) ſquare of the ſegment: of the diame- 
„ter, intercepted between one of the 
ball WM 0rdinates and the center, will be .. 
quat 


— 50 ane of F.the dia 
eee between ite ae 
Mew other . Pt \ 448 


ET AB, cn. be two. i 4 
meters of the ellipſe AB, Whoſec Loe 


+ feris G, and FF any third diameter, 
Fim B and C, the vertexes of the 
cConjugate diameters, let BH and CK 
drawn ordinates to the S—— 
the ſquare of GF is equal to the fi 
the two ſquares deſcribed upon GH 
GK. For about the center G, with: 
diſtance GE, deſcribe the circle ELM,: 
5 from the points H and K draw the li 
11k. l. 1. HM and KL * perpendicular to the d 
meter EF, cutting the periphery of t 
circle in L and M, and from the point 

let BN be drawn a tangent to the ell 
cutting the diameter EF produced in 

and join the lines LG, MG and NM. 

| | Then becauſe BN is a tangent to the- 

#15 ef+his. lipſe, MN is a f tangent to the circle z 
becauſe CD is the conjugate diameter 

Ter v. pr. AB, BN is + parallel to CD, and BH 
359%. parallel to GK: ; therefore the triangle 


Hwa and BHN are equiangu £ and 


Ele 1 
9 


4 
[ vis. 


4 
ata! 


10 I b eK te EN Ae. 1 6 
is- to: HB. ſe is KL to HM; where- vo 
us GK is-to} HN,. F ſo is A Ehn f. un | ; 7 

8 ; conſequently the ave IKG. N 1 
N; are ꝓ ſimilar, and the angle — L 1 
to the angle KE; therefore the line 
parallel: to MN. Again, ecaule 
is a tangent to the cirele, the angle 
Nis a riglit angle, and MIL is drawn If 
jadiculan to the baſe; therefore the = 


þ DI 
1 


* * 75 5 
2 x RED PI 3 * 0 4 4 
9 — «of 
— I U u 


56 
y „ materi the triangle GHM: 
mit; to the triangle GLK; and the | 


GB, GM. ſubtending the right angles, 

mal; therefore the ſide LK is equal 262.1. 1. 

H, and GK to HM, and tlie ſquare 

GL is . equal to tlie ſum, of the two 47. I. 1 

tes defcribed. upon GK and KL, that 

pon GK. and: KH. But the ſquare of 

is: equal: to to the ſquare of G; there- 

the ſam of: the two ſquares: deſcribed 

6 GK and GH; the ſegments of _ 

beter in ntercepted between the ordinates 

the: center, is equal to the ſquare wr 8 

el upon half the diameter to which =. 
F ordinates are drawn; M W. D . LY 

"a W 1 ſay, the ſquare of: GH is-equal | = 


to 


ae eee of GK, ogeter with 6 
from both: the c common. are ef G GK; 
there will remain the ſquare of GH, e 
to the rectangle contained between 
and KF. After the fame manner m 
be demonſtrated, that the/ſquare of i 
equal to the dn ene bern 
oh: and HF. 

Therefore, T 7 from: the! verterer 
tuo conjugate diameters 0 F an ell 
ordinates be drawn to any. third diu 
ter, the ſum of the ſquares deſeri 
on the ſegments of the diameter, int 
cepted between the center and eathi 
dinate, are equal to the ſquare deſe 
bed upon half the third diameter: A 
the ſquare of the ſegment. of the dia 
ter, intercepted between one of tht 


| dinates and che center, will be 7 1 
| U 


48 * F 5 
F | an} 1 Po 3 : 
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3 . 
5 at EF, F oY Py * * * g 

z 8 4 k 

E < * wy * 6 
* * p x 


| 1 | the rdin nates 
be center is whales other ordinate; | be- TY: 


H OP, as the rectangle contained 
teen EK and KF. that is, the t ſquare ta 
vf GH, is to the ſquare of KC; and 
therefore. as the diameter EF, is to its #228. 1.61 
conjugate OP, ſo is GH, the diſtance 
of one ordinate from the center, to KC 

the other ordinate. - 

„2. The ſum of the ſquares « of * two 
conjugate diameters is equal to the ſum 

of the ſquares of the two axes. Let AB 

and CD be the two axes, EF, GH, a- 

ay other conjugate diameters, draw the 
ordinates HK, HN, EL and EM, and 

let O be the center of the ellipſe; then 
becauſe the two. (quares deſcribed upon 

OL and OK, are * equal to the dne , bing 
of OB, and the two ſquares deſcribed 


on OM and ON. that is, | LE, and 34 F. l. 7. 


f | KH, 


bn ſe the ſquare of EF is to the Are n 


Ks 


i 


om the wertexes of t 
diameters of an ellipſe"; 


be drawn, the „ gure fd 
ic a parallelogram'; hieb i 


. * 


E parallelogram made A he, 7 
drawn through tt | 


ther two conjugate dium 
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17 AB and C be o conjugate. dl. 1 
, ameters oftany-dllipſe; whoſe center 1 

O. and: fo cheir verrexes A, B. T 
d D. the tangents; PQ, . RS. 8E. Fl * 1 
drawn becauſe:PS; QR, are tang ens 


un from the vertexes of the ſame dia 
te, therefore, they are Halles aue, this 4 
other; and ſbn the fame reaſon PQ; RS, 
x parallel, to one another, conſequently . 
e figure POS is a parallelogram; ang ] 
the ſame renſan the figure made by the - += 
gents:drawn though the vertexes of a- 
other tyo conjugate diameters. is a my: 3 
lelogram. Let EF and GH be two, O- - 
et conjugate: diameters, and TV, VW 

” XT, tangents drawn from their ver- 

; I ſays the parallelogram PRS is 

= to the parallelogram TVWX. | 
For from: the vertexes H and: E of the id 
'o conjugate diameters:EF and HG, d | | q 
r ordinates HK, HN, EM and EL, to 8 

e two. conjugate diameters; AB. and D. 1 
d let the tangents VT, XT, meet the 5 
meter A produced in Y and Z, and 1 
mplete the Parallelogram MOVI. and Wok 
Int RV; | ZI Lo 

Then becauſe BL. 8 an ondinare to the A 
ameter AB, and EY is. a tangent to the : 
U 2 _ ellpſe, 


_ 
* * 


9 


2. !, * equal; therefore the parallel 


1.15. U r Bur the parallelogram OMIY is f do 


| = is 0 OB, *ſo is' OB to 0 


EL., Hk, are ordinates to the diameſſ to 

1 AB, drawn from the vertexes s ofiewo e Wl: 

e 4 Jugate, diameters, as O; is to OC . PH 

1 OL to HK; then becauſe the Ire en Fx 

. 4 4/6 tudes, OY, Of and "OC, -and the ü 
N | magnitudes, OB, OL and HK; e t 

and two in ordinate 3 = ary 

alk be in proportion by 4 equality wy 

Bo; O is to OC, ſo is OB to HK, or i... 

which is equal to it. But becauſe CO 1 5 


parallel to VI, the angles COB, OY," 
t148.16.is f equal to the Pi 
the triangle OHV; wherefore the p 


rallelogram EOHT is equal to the par 
e OMIY ; that is, the par 


gram EOHT is equal to the parallelogri of 
 COBP} and conſequently: the whole , — 


rallelogram PQRS is equal to. e pan 
lelogram VWX T. p 
Therefore, IF from the betete 
teuo conjugate diameters of an ellipſ 
Pur tangents be drawn, the figure fltaine 
med by them is a parallelogram, ewhic ſqua 


ir _ Fo 4 hea ate made by aw 
10 


ther . hic 
„bende monſtratel. 2 11 151 
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N any point in the A be ip | 
n ellipſe a Fangent, be” Grown, which 
roduced Cuts Fo conj! 1 gate diame- 


$ > ©\ 


fers, the rectan gle contained between 
the ſeg ments of the Fangent.. inter- 
bored berwgen the Point o, contabt 
nd theſe diameters, js equal to the 


uare of a  ſemi-diameter. conjugate 


*% 
AP EI —— i > 01%, > Op — ws 


= 
CET ELES 


” 
* " L * 4 
- = V9 Wee —— ¶¶— 2 Ts e ] ˙ü1 et 72.8. ̃ ͤ D 


that, which” is drawn Dr ind 


Ping of contalt. = ppt 
ET E be any point 5 periphery 
of the ellipſe AEB, through which 

tangent ET is drawn, cutting the two 

jugate diameters AB, CD, produced 
the points V and d, and let GH be con- 
ate to the diameter EF, drawn through 
point of contact; I ſay, the rectangle 
tained between ME and! Ed is equal to 
quare of OG or OH: F or from E and 

law EL and HK * parallel to CD; 315. . 1 

| | Then | 


3 TE 7 RCCC WWW 
* * WR "a7 > lp n N 1 197 * a 13 3 i q 
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I : £ Eee 7 8 7 271 4 
* 8 99 . 92 
, . * * # . 
p > 8. 
N YL 
> bd 
/ £3 * 
* Py” x I» > 5 l 
a : i 3 by 
0 5 * 4 | » 
7 7 o E 
» & r 1 * 4 „ 
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Then been. legen e 
quently a e dor tak ed: between 
= and LO is ſimilar to a rectangle. 
1 ed between VE and Ed; — ar 
ROO an «ad "EE 0 ON oY 
1 1. 6, nk; LY is to-YE, f i is OK to 00 8 
2 and becauſe the rectangle contained 
tween, YE and Ed is fimilar to there 
angle contained between YL .and I 
whoſe homologous fides are VE and: 
and the ſquare of OK is ſimilar totheſqu 
of OH; „ as the rectangle © 
| tained. man. YLand JO is to the n; 
162 E. l. s. angle contained between YE and Ed. 1 
is the ſquare of OK to the ſquare of 0 
3 But the rectangle contained between! 
I vis ef this, and LO is equal to the rectangle « 
1 tained between AL and LB, and the 10 
angle contained between AE and 1 
fe tbin f equal to the ſquare of OK; wherelt 
5 the rectangle contained between VL : 
IO is equal to the ſquare of OK; con 
quently the rectangle contained betwe 
4E. l. 3. YE and Ed is $ equal to the us 
OH. 
| Therefore, if from any paint 1 
e 


2 5 "al, J. 6. 


pa RAD « tangen be be 0 
EA. produced cuts teu ron- 
be Soil ; "2" 
let wenn the ſegments of the tung eur, 
weepted hetweonthe paint of cr,,jH e 
2 diameters, is equal to the 
ure of 4 fami- diameter conjugate to 

, whichiis draws through the point 
tat 5 which was to be demonſtrated. 
7. From hence it follows, that if froni 
I * cutting two diameters, and if the 
&:Qanole contained between the ſeg- = 
nents of: the tangent, intercepted : be- 
he rol: een theſe (diameters: and the point of 
gd. ontact, be equal to a ſquare deſcribed 
won the ſemi · diameter, which is con- 
gute to that, drawn through the point 
f contact. theſe diameters cut by the 
tngent are conjugate diameters. 


| THE OR EM XIX. 


Jom any point in the periphery * 

en ellipſe an ordinate be drawn'to a- = 
y diameter, and from the vertex 0 y- 4 
Wat 2 a right lins be drawn 


per- 


een 4s — to 4 rect gle | 
r  Fained between the abſtiſs: and the 
tus rectum of that ordinate; Wan 
in figure. a rectangle ſimilar” 
Laue 17 contain bet J 
bat diameter and 11e n rel? 


F ET AB be any clamerer' of thee 

ILL Ac, . whoſe conjugate diamet 

5 Ef. and from the point C let CD be du 

| © an ordinate to it, cutting it in G, and f 

the vertex B let BH be drawn pere is 

cular to the diameter, and equal to ite re 

tus rectum, and complete the rectu 

_ ABHK; I fay, the ſquare of CG is e 

to the rectangle contained between 

and BH, wanting in figure a paralleloy 

ſimilar to the rectangle ABHK: _ 

vb. . AH, and from G draw GL * perpe 

cular to AB, cutting AH in L, and 

431. l. 1. in M, and through L draw LN T p 
to 36; 

| Thien becauſe BH is the latus rectu 

gl tr. the diameter AB, as AB is to BH, ti 

— ts rectangle contained between 1 

Gz, to the of GC. Bur as 


\ 


ents of dae Sekt. 10 


5 5H. „ 7 is AG to GL; therefore as * 4K. 1.6; 
he {oh Tam" contained between AG atid 
vole is to the ſquare of GE, ſo is AG to 


N Ä W D * 3 36 I OY 
+ x Re 1 4 * Ps 2 * 2 RR Hah * 7 BO 55 ES Sar Es oo EYE: T0; 
888 * E F f 9 * 
r a, by d x Lhe 
"Wigs a a . N * 
4 7 * p . v4 
* 1 ; * 4 \ 
8 + f 5 1 
1 82 
« 2 F - ry 
* 
* * * * 
v v A - 8. 
5 74 = * 8 5 8 
S 300 on ; h E , 
* 2 . 
* 
0 br 
Jook 6 


d the Bur as AG is to GL, f ſo is the 1E. 1% 


Wan dlangle contained between AG and GB, 
"tot th rectangle contained between LG and 

etul d, becauſe they have both the fame 
ric hr, viz. GB; therefore 4s the rect- A 
le contained between AG and GB is 
the ſquare of GC, + ſo is the reQangle } 121 #1 
ditzitied between AG and GB to the recł- | 
ple contained between LG and GB; coſi- 
quently che ſquare of the ſemi-ordinate 


he rectang le BGLNis a rectangle contain. 
dae the abſciſs GB, = the latus 
tum BH, wanting in figure the rectangle 


HK, contained between the diameter 
and its latus rectum BH. After the 
ime manriet may it be demonſtrated, that 
ffrom the vertex, BO be drawn equal to 
de latus rectum, tho' not at right * 
) the diameter, and AO joined, and 
rough G, GP be drawn parallel to BO, 
„td cutting AO in P, che rectangle con- 
AG FWained between GP and GB will be equal 
xs Al the ſquare of the ſemi-ordinate Gd, 
X  Thets- 


is *equal-to the rectangle BGLN, Bur * 5 . l45: 


ILN, which is f ſimilar to the rectangle 24K. 161 


* - r EM A 1 I” * 
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9 7 5 r 17. .] ẽůᷣä ! 6m! ¹m ̃ üui ʃ4˙ 
1 8 * „ N 27 a * a 2 v * #9 >, 
5 5 |; TY PR : > 
* * © 4 - : 
* 


5 - 


,. which i i contained he 
4 diameter and ws. latus ret 


: . one another at rig 
eſcri be an el 2, 24 whe {48.5 
| | er will be equal 70 2 be. K 40 
right lines. ae Reg 4s 
| Fadia, het: e 


(a From the property of the 

_ being equal to the rectangle © 
their abſcifles, and the latus rectum of the — 

ing in figure a rectangle ſimilar to the reftangle cf 

| ed berween the diameter and its latus reRtum,#\ 


arWeet 
Na 


4 * 
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of 2 9 
5 4 4 

© 
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Wo lines 0 5 


the pg and H, in which let the 
tre mitſes 6a a line be fixed, whoſe lengrh 
wal ro the given line AB; and by meins 
rel Pin the ellipſe AKE, be de- „% * 


ed, the eas given right lines, d ad 85 

„ will be che taxes of it. 

Ho becheſe OF is drawn teen We 

liter, cutting cke line GH at right angles, 

is f-equal t& EH; and & and H are f 3 F. l. 11 
e two foct of the ellipſe, the point E is 

+ centet of the ellipſe; and becauſe % 3 ff 

and EB are each equal to half the- 

gh of che generating threed, the peri- 

ery of the e ipſe will paſs through the 

m7 A and B; and becanſe CG is equal 

E, the periphery of che ellipſe will 

0 0 pat thre ough the point C. Bur CE Ser 008 

qual to fl. conſequently it will like. 7 


R |- wile 


1 . | ; 4X n ' p 
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_ pak ages the voila wie 
1 1 18 & diameter drawn r che | 
E 8, af,cof it is. the T tranſy; oy axis, and the dian 


"C3 ; 


85 1 7 of der CD ar right angles to it is the f fn 
EW ler * therefore the elli fe Ak AKL is 
1 given rig ght lines, for its -y RY wi 
=: Wor to vp b, 14 * þ 05 Ja; 
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Po H, 


With. 4 given right hen 404 We: 
| font out of it, to daſeribe an gs 
hieb will have the given right li 
For its tran fuer. [6 axis, and Pe 
through the. given point but it i 
eefſary that the. point be in ſuch o. 4 
Sition, that a line drawn from it p 
Pendicular to the given ling, cut 


in 4 point bet weew {ts extremities 


P] 
1 T AB be the giyen right line, and] | 
| the given 8 out of it, in fuck 
\ poſition, 1. 1 a line drawn from i * 


N to AB, cuts it in M. a poit th, 
etween its extremities ; it is required n 1 


eee an ellipſe, which 1 e © i 


its 19 x” n verſe a TI 


ee et. Find s lis N 4 
7 ure of Which will be to the ſquare. 4 


4B, as the ſquare of MK is to the rect. | 1 
e contained between A M and MB, and 
pe be ſq placed, as both to biſect it · 2 5 5 
and AB in E, as alſo to be at right, * 

les to AB, and deſcribe the ellipſe 1 , 
. which ne A 


AB is 0 ſquare of DC, as the and; - 
e contained between AM and MB, is to 

| lquare of MK, * conſequently the point "oY of his: 1 
b 4 point in the periphery of the el · 4 
. Therefore there is deſcribed an e. 
& ACR, which has the given right line 

for its tranſverſe axis, and whoſe pe. J 
qbcry paſſes through the er pins. ed 2 
pich Was fo be. ae: 10 IJ 
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PSOE IV. 


id the diameters, the axes, the fb. b. 1 
ei and center of 4 qe eli . il 


7 * *. 
ves 989 
E T \ \ 
= : as 
a þ 3 2 
f 2 


© 1 the circle, as EOF, cut & ellipſe, d 7: 
The line EF, and t u the center 
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#16 E. l. 1. 
131. I. 1. 
„ 211 E. l. I. 


the t ellipſe NAO, w. 
for SHE! ae its ares. 


| NO, mad EM is 0 EN, as EN is to Bl 
.. 17 therefore AH is a * tangent to t 
and becauſe CD is parall to 


oy 


un an AI 1s N qual 135. , 
»comaincd berwern KA _ 
A ab ſime a A is * Do 'Y 
e #17 E. 1.64 


? * 
este © lities AB and CG - | 
light ace, "I 
Gand arb ounid,'a 
6 given lines, A 0 
Eli een x 
| | 
a : = : 
75 3 
; 5 i 7 
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$1435 OF 7 vert 
Wt With 4 given right line, 
= eee of e e. 


3 2b TI 


N ö \ emeter, 75 and. 3 

E | 4 4-5: 1 ſh Caen ls 

. i fition, been ee 
reralel to an ordinate to that 4 

: i Fer," cute qi ay ita extremit 

E ? AS” 3 5 1 

I 4 . | ay 54 & ne A. ot 2338 7 

F- _ AB be, the gs | 

13 P the given Point, an 


2 extremities A. nc B; it is x 0 
. ſcribe an ok which has 4 


— FAT. 


meter, and whoſe perip hery.. v 
ion... through 1 OT Biſect 
1E. Uu. in E, and through. E draw, 
D another, and in fach. eel N mer, f 

ſquare of AE n may be to the Cas 
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rex, rnd the Gee "FAB b 65 


ure of its conjugate CD, as the. — F 
ae thi b | Hil esse 3 
nt P is a tp point in "the peri 3 
kclipſe. Tbereibre e the ellip o Ach i; I 

Fred, ' which has the given line AB ; - 


x a diameter, and its periphery Ln | | 
boogh thegiven Point P out of it z 4 | 2 
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1 IF e r ' 
from every point in a given line, 51 | 9 


entting 4 g „ 
ts extremities ; ; 2 25 %. f 
Y a 2 3 


ö 
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Hines of the given ; line AC, 
E, * H. . where heals para 
cut it: I Gy, the line ABC is the f 


As 


7 the 5 of DE is Vas Se 


le co te 


„ A © 


* ro} 60. 55 ſegments of che 


3 ry of the ellipſe; there- | 
Fi ab lo dope Ban. 
ery of the e cee After the fame man- 5 
1 ir be demonſtrated, thar any o- 
peirt in the line ABC is in the peri- 
of an ellipſe, which hes the given 1 
FAC for a diameter. No 
rm 1f from every . e 
en line, right lines, parallel to one 
uber, be drawn, outting 4 given 
It line between its extremities ; and l 
the ſquares of the parallel right liner 
ve the ſame proportion to one ano- _—_ 
„ as the reflgngles contained be. 
ren the ſegments of the gives right 1 9 
, eee between ts extrem.. 
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| 1 * any cone gs cut | 
AF RR through its axis, and by another yl IT. 
| 5 neither parallel fo. the: ba ſe of er 
LH. | = cone, vor making a. brontri | 
—_ (a), and cytting, both * e { 
| def he triangle made by. 2 
| fog through the axis ; 4 
common ſection 77 the cutting, 1 4 
end the boſe of the cage, £ [WL Ii 


. ERS 
E - v4} Apollonins Poergaus demonſtrates, in the z h 
: of the firſt bock of his Conics, that if any ſcalent 

be cut by a plane through its axis, and 

EE its baſe, and by another plane at Aght A 


2 y the ſection thro 
7 off from the@yertex a triangle ſimilar 10 2 gh 
| by the plage paſſing through the axis, but in a ſul r 
| trary poſition to it; then the figure made by the 3 


Ef mon ſectian of the Ta plane, agd the ſurface 0 
| = cone, is a circle, and. the ſection is called 6 faber 


9 gc 


ne 7 
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e, ops 7 rriangle — 55 
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xis, cutting it in O, and join, AC tot 
neareſt focus C; and from B, the vert 
of the tranſverſe axis, neareſt to the gin 
point A, cut a part off it produced eq 
to AC, which let be BK: I fay. a5 U 
half the tranſverſe axis, is to EC, the d 
ſtance of the focus from the center, ſo 
EO, the diſtance of the center from i 
perpendicular, to EK, the ſum of half 
tranſverſe axis, and the line drawn fro 
the given point to the neareſt focus. f 
Join the line AD to the other focus. whi 


p! 


4 


TY 


duce _ 9 and E 
15 the diſtanee AC. deſcribe the cieche 
cutting the tranſverſe axis again in 
— L. and the line AD, inthe einn 
and N: 
hen betiun A is a \ point in the oat 
of the hyperbola AB, and AC, AD, 
ines drawn from that point to the fo- 
therefore the exceſs by which AD ex- . 
d AC, is equal to the tranſverſe a * r of thir. 
BF; and becauſe AC is equal to AM, 
) is the exceſs by which AD exceeds 
that is, MD is equal to BF. But be- 
le AO is drawn from the center, cut- : 
LC at right angles, LO is f equal to f; E. l. 3: 
; conſequently LC is double OC. But 
is + double EC, therefore the remain- , ef. 3 of 
part DL is double the remaining part 
) Again, becauſe MN is double AC, 
tis, BK and MD equal to BF, is double 
; therefore the whole DN is doublethe - 
ole EK; and becauſe D is a point taken 
tout the circle MBN, the rectangle con- 
ned between DC and DL is * equal to 30 E. . 32 
2 contained between ND and 
D; wherefore as DM, or BF, is to DC, 
01s DL to DN; and by taking their 116 E. l. 6. 
es, it is, as S BB. half the tranſverſe a. 
xis, 


16 E. ls. * equal tothe rectangle contained betys 


75. 1.2 gether with the ſquare of EB, is f «ql 


"0 xis, is to EC. . diſtance betwee 
center and focus, fo is B che d 
between the e rpendicular i 
Ek, che ſum of half che tranſverſe Ms 
and the diſtance from the 87 you | 
the neareſt focus; W. W. D. 
Alſo I fay, che rectangle colitane! 46 
tween DK and KC, the ſegments of 
tranſverſe axis, intercepted between 
' foci and that point where the line cu 
produeed, equal to the line drawn fi 
the given point to the neareſt focus, 
ceeds the rectangle contained between 
and OB, the ſegments of the tranſveit 
xis, intercepted between. its vertexcs : 
is perpendicular, by the cure of 


rpendicular AO. _ 15 
For becauſe (by the above dane P 
on) EB is to EC as EO is to EK, there * 
angle contained between EK and, EB i a 


EC and EO. But becauſe che line EK 
any how ont in B, the ſquare of EK, 1 


to twice the rectangle contained betwe 
EK and EB, together with the ſquare 
BK, that is, twice the rectangle contain 
——_ EC > and EO, together art 
. 


oy. e 

2 3 8 
- 1 T - 4 
n 


1 of 40. Bar the ſys of 40 f * 
xi, . he ra deſerib 4. 

deſcribed upon KE and EB are.e- 
to twice the rectangle contained be- 
een EC and EO, together with the. wo. 
res deſcribed upon AO. and OC. A- 
„ becauſe the line EC. is any. how cut 
), the {quare of EC, together with the 


e contained between EC and EO, to- 
er with the ſquare of OC; therefore 
ſun of the two. ſquares deſcribed upon 
adEB is equal to the ſum of thethree 
es deſcribed upon the lines EC, EO 
40; but becauſe DC is. equally cut 
and CK is added, the rectangle con- 
ed between DK and KC, together with 


IK; for the ſame reaſon the ſquare of 
is equal to the rectangle contained be- 
een FO and OB, together with the 
(„of BE; therefore the rectangle con- 
' n DK and KC, together with 
two ſquares deſcribed upon EC and 
is equal to the rectangle contained 
een FO and OB, together with the 
1 8 quares deſcribed upon EC, EB and 

| AQ; 


xe of EO, is f equal to twice the rect- #78. 1 2 


ſquare of EC, is + equal to the ſquare 6 E. 1.2 


. AO; dhe »-Nom both W. f af c. 
dcdommon ſquares deſcribed upon EC 

Ez, there will remain the rectatþle 
tained between DK and KC, ec 

rectangle contained between FO an | 
: rogether with the ſquare of A0. 
"Therefore, IF any point be raken 
1 82 was to be demonſtrated. 


PROPOSITION 1 v. 
. HE O RE MV. 


I a from any point in the peripht 

an hyperbola, which is not the v 

tex of the tran ſuerſe axis,'a 11 

line be draum parallel to the fe 

axis, and cutting the tranſverſe 

Square of the tranſvuer ſe zs to 

ſquare of the ſecond axis, as then 

angle contained between the ſegm 

of the tranſverſe, intercepted 

tween its wertexes and the pt 

_ where the line drawn | parallel to 

| ſecond axis cuts it, is to the [qi 

- of the parallel line: But if the 

drawn from the given point be 

= rallel to the tranſverſe, - and cutt 
the ſecond axis, the ſquare of tht 
; 5 c0 


( ſecot 


avis, a the ſuns of the i 
helf the ſerund axis, and that ſtg. 
wut of it, intercepted between tbr 
enter and the line drawn, is ta the 
ſnare F the line draum Sauer . 
1 pri rranſuerſe axis. Y | 


IT AB 66 hyperbola, C and 45 | 
its foci, E the center, BF the tranſ- 
e, and GH the ſecond axis, and from 
point A let AO be drawn parallel to 
cond, and cutting the tranſverſe axis 
0; 1 Ry, the ſquare of the tranſverſe 


719886 BF, is to the ſquare. of the ſecond 
feels GH, as the rectangle contained 


een FQ--and OB, the ſegments of 
trauſverſe axis, intercepted between 
line drawn. parallel to the ſecond axis 
L its yertexes, is to the ſquare of A0 
ine drawn parallel to the ſecond axis. | 
— 2 neareſt eus. a 
Thea — DS is equally cut in E, | 
CK is added, the ſquare of EK is e- 6 f. OY 
U to the le contained between | 
and KC, together with the ſquare of 
;; for the ſame reaſon the ſquare of EQ 
Cc is 


50 5 65 OB, ern, with the ſqu: 
* 4of this. EB. But as EB is to Ec, o is FO 
1 1 F EK; by inverſion,” as KE is to OE, 
e to EB; conſequently the ſhuar 
152K. l.. KE is to to the ſquare of OE, as 3 28 
. © of CE is to the ſquare of BE; and ſi 
= the whole, vig. the ſquare of KE, i 
the whole, vis. the ſquare of OE, 
8 part taken from the firſt, vi x. the ſq 
of CE, is to a part taken from the ſeco 
*398.1.5, vi g. the ſquare of BE; therefore the 
ſidue, vis. the rectangle contained 
tween DK and KC, is to the refidue, 
the rectangle contained between FO. 
OB, as the ſquare of KE is to the f 
of EO; conſequently the ſquare of Cl 
I E. A 5. to the ſquare of BE, as f the reQui 
contained between DK and KC; is to 
rectangle contained between FO and ( 
46 E. 1.2. But the ſquare of EC + exceeds the 
of BE, by the rectangle contained _ 


- 


FC and BC, and the rectangle cont ine 
a Vl. between DK and KC, * exceeds ay =o 


angle contained between FO and OB, 
the ſquare of AO; therefore by divil 
#18E.1.5. it will be, fas the rectangle contail 
13 ft this. between FC and CB, that is, the + fqu 


# 


0E is to the ner ane of b BE, i; is 3 

ure of A0 to the rectangle contained 
ween FO and OB; and by inyerſion, 1 
s the ſquare of EB is to the ſquare « of fe. 4 E. . 


ſo is the rectangle contained — | 

FI » nd OB, to the {quare of AO, T 6 
e che firſt ratio; then will the 7 9 A 
ir the tranſyerſe axis, be to the ſquare 1 


GH the ſecond axis, as the rectangle 
ined between FO and OB, the ſeg- 
as of the tranſyerſe, "intercepted; be- 
een its vertexes and the line drawn pa- 
l to the ſecond axis, is to the ſquare 
40 that line drawn cutting it; W. W. D. 
Again, if from the given point A, AP: 
drawn parallel to the tranſverſe axis 
nd cutting the ſecond axis G in:; 
y, the ſquare of che ſecond axis GH 

l be to the ſquare of the tranſverſe axis 

as the ſum of the two ſquares of EG 

LEP, half the ſecond axis, and its ſeg- 

at, intercepted between its center and 

line drawn parallel to the tranſverſe a- 

, is to the ſquare of AP. For through 

point A — AO + parallel to the + 30 E. f 1: 
ond axis, and a the traufrerſe in 

yo Then becauſe AO is parallel to PE, and 
GCE "Ad 


ei. l. e ADR qual te PE. 
by the above deitionfiration,) — 
BB is to the ſquare of GE, as wen 
| whe | ſquare 6f AO; awd; by kae 
% fthe ſquare of GE is to the Sd a 
as the ſquare of AO; that is, the ſq 
of PE is to the redtangle contained 
tween FO and OB, and as one of the 
112K. l. 5, tecedents. vis. the ſquare of Aut! 
=" one of the conſequents, vis. che { 
of BE, ſo are all the antecedents, ps 
| ſum of the ſquares of GB and EP, ts 
| ſum of all the conſequents, vis; the fy q 
of EB, together with the rectangle e 

£ 6E, 1.2, tained between FO and OB, chat is, 
; ſquare of EO or AP; and by quadry 
the firſt ratio it will be, as the fquar 
GH is to the ſquare of FB, ſo is thel 
of the ſquares of EG-and | EP ? the | 

of AP. 

Therefore, T F from any 
periphery, &c. which was to be denWrmin 
ſtrated. Aa 
Cor. t. Hence it bollows, ah: if f H, : 

two or more points in the periphery ten 


any hyperbola, lines he der pin | bet 


wa” 


yy | rhe qua a oa 

are 4 one another, as the fectangles con- 
ned between the ſegments of che ttanſ- 

iſs axis, intercepted bexween its ver- 

tres and rhefe lines reſpectively, be- 

iſe they al beat the fame proportion — = 

þ one atvthot, chat the ſiare of the 

merle bears to pg e of __ 

15 axis. | 

2 if fom 6 two or more #6fiits in hs 

ne, or oppoſite kyperbolas, right lines | 

: drawn parallel to the tranfyerſe, and 

was the ſecond axis, the ſquares of 

e parallel lines are to one another, 

\the ſur of the ſquares of half the ſe- 

nd axis and its ments; intercepted 

tweerr the center and theſe reſpecttve 

nes; beeattſe they are all in the fame = 

tio of the ſquare' of the ſecond to the 

are of the tranfverſe axis. | 

| 3. The. tranſverſe and ſecond axes 

e conjugate diameters: Fot let AL be 

:minated by the fame Byperbola AB 

A and L, parallel to the ſecond axis 

II. and cut by the tranſverſe in F; | 

en becauſe * the rectangle contain * prec. pr; | 
between DF 4 FB is to the DR 
of 


Cor. 4. Any right line texminared both * 
by the fame or oppoſite byperbo 


of AF; ſo is FR ae, 
tween DF and FB to the ſquare of 


4. oy ._ conſequently the ſquare: of AF is 
5 to. the ſquare of EL, and the 
AF equal to the line FL: After the ſ will 
manner may it be demonſtrated, ne 
any other line, terminated both ca 
by the ſame byperbola. and parallel 
the ſecond axis, is biſected — the wein 
verſe; and if the line AC be termin = 
both ways by the oppoſite hyperbe de. 
parallel to the tranſyerſe, and c din 
the ſecond axis in K, then the fy 5 A] 
| of EG, together with the ſquare of 0 Fe 
trie. cr. f is to the ſquare of AK, as the fun. 
the two ſquares of EG and EK isto! * 
| ſquare of KC; conſequently the ol: da 
toE. ds. of KC is 1 equal to the ſquare of 4 
and the line KC equal to the line þ BY 
Aſter the ſame manner may it bep oppo 
ved, that any. other line, tc nul the ſe 
ted both ways by the oppoſite by; ie 
bolas, parallel to the tranſverſe, . 5j. 
biſected by the ſecond axis; there, 1 
' * 2f. 7 of + the tranſverſe and ſecond axes are 
_ jugate diameters. | on 


ent. Bl ments 05 Toe Set TY , 

anc biſected by: one axis, is s parallel to *Y 

he other: For let AL be terminated 1 

both ways by the ſame hyperbola, and 

blected in F by the tranfverſe axis; it 

will be parallel to the ſecond Axis; for 

if not, let AN be drawn * p allet to *31E.1.1. 

GH the ſecond axis, cutting the tranſ- 

ere in M, and the fame "hyperbola a- 

nin in N, and through N draw NO pa- 

nllel to the tranſverſe axis, cutting the 

ine AL in O; therefore AN is f biſect-  prec. cor. 

ein M, and as AM is to MN, + ſo 1 2E. 1.6; 

s AF to FO; conſequently AF is equal 

w FO. But AF is equal to FL, there- 

fore FO is equal to FL, a part to the 

whole, which is abſurd ; therefore AL 

b parallel to the ſecond axis GH. Af. 

ter the ſame manner may it be demon- 

ſtrated, that a line terminated by the 

oppolite hyperbolas, and biſected by 

he ſecond, is 8 to the tranſverſe 

Mis. 

5. Right lines parallel to one axis, 

ad cutting off from the other equal ſeg- 

ments to the oenter, are equal to one 

mother; and if they are equal to each 

her, and parallel to one axis, they 
cut 


be drawn through the focus V. an 0 
hate to the tranſyerſe axis BD; d 
becauſo the uare of Eg is ta che ſq 
of EG, as the rectangle contained 
tween D* and VB. that i 18. the qu 


5 77 


2E. I. 6. 


n 


this. 


If from any point a right line be dra 
perpendicular to the trau ſuenſe us 


Ger 6. If chrongh ho ents 


| portion, as the tranſverſe axis BN i 


* of the e tranberſy axis. 
. PROPOSITION vl 


ro the ſquare of the ſtcond axis, 


ent off wi the other; 
b che gener? 


boa an grdinste he Jraw 02 thi [#4 
. - verſe axis, that ardinate is equal te the 
tus rectum of that axis; For let 


of GE iso the ſquare of SV ; who 
fore as BE is to EG, ſo is EGro$ 


or conjugate axis GH, to the ordiy 
ST; conſequ quently ST 1 


THEOREM VI. 


cutting it below its vertex, aud 
the ſquare of the tranſverſe axis 


n 


a dl ee e ee, the. 
egments of the tranſverſe axis, in 
fercepted between the perpendicular 
and its verteves, is to the ſyware *. 
the perpendicular, that point is 4 
joint in the periphery of 1 the per- 
lle. Alſo if from the given Point a 
right line be drawn perpendicular to 
the ſecond | axis, and if the ſquare of 
the ſecond axis be to the ſquare of 
the tran fer ſe axis, as the ſum of 
the Squares deſcribed upon half the 
ſecond axis and its ſegment, inter- 
cepted between the center and per- 
ſendicular, is to the ſquare of the 
perpendicular, that point 1 a point © 
in the periphery of one of the nts fe 

dr 24 | 


\ 


ET NB, DP, be two oppoſite byfer | 
1 bolas, whoſe tranſyerſe axis is BD, 
d ſecond axis GH, and from any point, 
A, let AF be drawn' perpendicular to 
e tranſyerſe axis BD, cutting it below 
evertex in F; and if the ſquare of DB 
to the ſquare of GH, as the rectangle 
nained between DF and FB is to the 
re of FA; I fay, the point A is * 
D d in 


1 Fable, lr be os Heh Es NE Ages 
b hen hecauſe Q is a Pont in ING * 
. phery of. the. hyperb ola, and from it 0 
i parallel to the ſecond axis, q 
ee tranſyerſe in F, the ſquare of 
4 eu. is f. to the ſquare of GH, as the 
contained between DF and FB is to 
1 Hie. ſquare of QF. But the ſquare of DB 
to the ſquare of GH, as the rectangle co 
tained between DF and EB is to the {qu 
of FA; therefore the rectangle contain 
11. l. 5. berween DF and FB“ is to the ſquare 
FA, as the fame rectangle, contained | 
tween DF and FB is to the ſquare of Q 
5. I. 5. conſequently the ſquare of FA f is equ 
to the fquare of FO, and the line FA 
| qual to the line FQ, a part to the; whol 
: which is abſurd; therefore the point A 


a point in the periphery of the hyperd 


0 
* als 


la BN. After the ſame manner may. it nd t 
demonſtrated, that if from the point of F. 
AK be drawn perpendicular to the bn be in 
| axis, or, Which is the ſame thing, para Neith 
: lel to the tranſyerſe axis, and if we ſquuſſ point 


ea unte pray of 0h of the 
ole byperbeols. 0. 11 


ich was to be demonſtrated. 82955 "a 
ght ne 


r. Hence it follows, Har" a ri. 


Nis below its yertex, can cut tlie peri- 
phery of the hyperbola in no more than 
tro points: For let FQ be drawn from 


its vertex, perpendicular to it, which 
produce both ways, and let FA, FL, 


to each other, in ſuch a manner, that 


to the ſquare of the ſecond axis GIH, 


ad FB, the ſegments of the tranſverſe 
axis, intercepted between its vertexes 
and the perpendicular, is to the ſquare 
of FA or FL, the points A and L will 
be in the periphery of the hyperbola. 
eicher can the line cut it in any more 
points than A and L; for, if poſlible, 
ct it cut it in a third point Q then will 
Dda the 


cage { e 
Wale of Ak, the 


Therefore, F from 5 point, r. 5 


drawn from any Point in the tranſverſe : 


the point F in the tranſverſe axis below 


be taken on each ſide of the axis, equal 
the ſquare. of the tranſverſe axis BD, is 


« the rectangle contained between DF 


* 


both "ſation; m—_ rectang 5 
Fained between the 1 ou of th 


Gy 


ware deſeribed upon half the fe 


 aXxts. | I F % | 4 ; 3 2 


\ x % # * * * 8 4 1 # 
„ x \ ; 


ET ABbe any hyperbola, ( the 
ter, BD the tranſverſe, and EF 
| ſecond axis; CG and CH its aſſympto 
- and from any point in it, as A, let 4 
bdbe drawn parallel to EF, cutting the 
ſymptotes in G and H; I fay, the 


; 


ul to. 1 5 1 EC half the focond 
For let GH cut the axis in L, and 2 T 
5 B, the vertex of the tranſverſe a - ul ea?) 
draw BM * parallel to the ſecond a- n 
cutting the aſſymptotes in M and N; | 
Then decauſe MN is drawn through the 
x of the tranſverſe, parallel to the ſe- 
nd axis, cutting the aſſymptotes in M 
| N, MB, BN, are f equal to one an: 1 def: 120 
ter, and each equal to half the ſecond *** 
is EC; and the two triangles CBM. 
W are + ſimilar and * equal, and for K. 1.1- 
tame reaſon the triangles CLG, CLH, e 
e ſimilar and equal, and GL equal to 
; therefore GH, the line intercepted 
trcen the aſſymptotes, and parallel to 
ſecond, is biſected by the tranſverſe 
; and becauſe the triangles CBM. CLG, 
equiangular, as CB is to BM, f ſo is f 48. 1.6: 
L to LG ; conſequently + as the ſquare 4. E. l 
CB is to the ſquare of BM, ſo is the 
e cure of CL to the ſquare of LG. But be- 
Fe A is a point in the periphery of the 
NoteWpcrbola, and from it AL is drawn cut- 
t r the tranſverſe, and parallel to the ſe- 
he nd axis, as the ſquare of CB is to the 
feiere of CE, or BM, which is equal to 
= : — 


e furs of e 8 BM 


= __ therefore as the ſquare of CL il {4 
11K. . 3. * the e of LG, ſo is | the, ſame qu 8 
of CL to the ſum of the ſquares deff) 

| upon BM or CE, and AL. But bee be by 
bo | GH is equally. cut in L, and [unequal 3 7 


16. l. a. cut in A, the ſquare of GL i: 
the rectangle contained b tween G44 

8 AH, together with the ſquare of* Al 
> © Wherefore the two ſquares of EC and 
are equal to the rectangle contained | 
3 tween GA and AH, together with 
ſquare of AL; take away the comm. 

I ſquare of AL from both, and there 
remain the ſquare of EC half the ſecor 
axis, equal to the rectangle contained | 
| 7 Awe GA:aid AH. ofa gky” 
= 1 | eh herefore, 1f From any point in tl 


N | / ** / 


* 


pheryr of of « 
1 


;- the rele 5 
ee K 44" 
ne, pre: between the af-. | 


+ 25 


HEOREM.. 


ny 190. Pointy: in the ſame or oppo. 
tr byperbolas be joined with a right 
ne, which produced both ways cut. 
le aſſymprotes, the Teftangle H 
uined between the ſe gments of that 
ne, intercepted. between the 4. 1 
totes and one 0) the given points, gf LS 
qual 70 the rectangle contained be. 
ween the ſegments of the ſame line. 
nercepted between the other given * 
vint and aſſymptores ; q alſo the ſeg 
Rents 0 f the line intercepted between 
uch given point and the neareſt a. 
mptote, are equal 1 to one A 


* 


. 


1 
* 


*'S Pd "__ : 5 : "x 


i ny, EE 
er _ 


lde N cuts the aſſy | ptotes 55 
By Tay; the rectangle: ont; hy 
AC and CE; the ſegments of the ts 


one of the given points, is equal to 
rectangle contained between BE and] 
the ſegments of the line intercepted 
tween the aſſymptotes and other po 
Pu. For through the r- A and B draw 
eg 1. Mes AH, BF, parallel to the ſecon 
s, cutting the aff [ymprotes i in 7 po 

E F, H and K; 
Then becauſe the lines -AH, 5⁰ 
parallel to one another, the triangles H 
BGC, are equiangular, and as CA is 
112. 1.6. CB, f ſo is AH to BG; and because 
FH, are drawn parallel to the ſecon 
xis, the rectangle contained between 
and BF is equal to the rectangle cont 
17 this. ed between HA and AK. both being | 


qual to the ſquare of half the ſecond at PI 

16 E. Io. wherefore * as AH is to GB, fo is Bf 
$112.15. AK; conſequently as CA is to CB, 
brot 


is BE to AK. Again, becauſe BF is 
. I 


* Deer 0 4 * * l by > "Pa CY”) 
Tt * r „„ 

* . : ; Kt | a DOR 3 
k he , 


- - 224 py as OD 'V u 44 * 4 
2 a n . : 823 3 c by 4 
_;* nee TEES C5 WET. ne N 2 1 * n 
LE _— * * Bert T7350 7 5 * * HER Ih TON N 2 7 1 8p 54% # WOE We , * 
_— 3 r RA N 1 . 7 
=. 95 2 : SLRS * 2 
6. 5 8 $5.6 : * 
3 2 id 0 
-y * * 0 . . 
k 1 
5 * 
f * 
| p * * 
* K 1 * 
* 
bal Fi 2 7 . 
” * ad * 
0 4 


bd to AK; Me wu holes B ee 
waogulit ;' and as BF is to AK, * fo is 0% 55 
0 AE; therefors as CA is to CB, tb fri Eilg4 - 
Bro AE; wherefore the rectangle Gn 

ned between CA and AE is + equal to os ti 
rectangle contained between CB and 

; and add to both the common ret- 

1 contained between AC and BE, when 

two given points are in the oppoſite 

xrbolas;z but ſabrra@ the ſame rect. 

e from both when the given points 

both iti. the fame hypetbola; and by 
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) is to BG, + fo is BA to BF; where- E. 
fore .. 
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"Are e 
and BG to FE; wherefare as AF is 
£0 DG, ſo is GE to EF, conſequently t 
* angle contained berween GD and 6 
1 te + equal to the rec | 
 -twcen WT, and FE; and the point Ais 
the periphery of the hyperbola, which! 
ite lines EB and EC for its aſſymptot 
at Seer bre, de , 
Et: | fame night r for ale . 
. Therefore, I from any point is 
periphery of an hyperbola, a right 
4e drawn cutting both the aſſymptit 
2 from either of theſe points 75 
terſectios a part be cut off, equal 
the ſegment of the line intercepted 
 Fwween the given point and the other 
Hmptote, in ſuch a manner, that t 
extremity of the line cut off and the | 
ven point, are either both within or FM 
3 without the aſhmptotes; in the „ 
„ that Point will be in the per 


F [Us * the 155 rd with the fro 
en point, and in the laſt caſe it will 
in the periphery of the oppo ſite hy- 
rrhula 5 5 n was to be demonſtrated: 


| PROPOSITION XV. 


TrzontM XV. 


rie adjacent aſſymptotes of two oppo- 

[ite hyperbolas be cut with à right 
line, that line will cut each of the 
oppoſit re eee in one Poiut only. 


ET the line CB cut the adjacent al- 
ſymptotes EB, EC, of two oppoſite 


yperbolas, in the points C and B; I fay, 
e line CB will cut the periphery of theſe 
ppoſite hyperbolas in one point only. 
or let H be any point taken in one of 
0 hyperbolas, and from H let HK be 
an * parallel to BC, cutting both the * En 
ymptotes in K and L, and with the lino # 
Wc conſtitute a + rectangle, equal to the f E. ll 
angle contained between. KH and HL, 
ceeded in figure by a ſquare, which let 
upon BA or CD, the points A and D 
ill be in che periphery of the oppoſite 
rin perbolas. For through the points A 
H h and 


| 125 H draw the lines AF, AO, HM, 10 
parallel to the aſſy mptotes; ann 
Then becauſe FA is parallel to H 
5 and AB to HK, the triangles FAB, HMK 
10 E. l. . are * equiangular; and as FA is to H 
148.16. f ſo is AB to HK. But becauſe the rec 
due contained between CA and AB is 
qual to the rectanglè contained betwet 

| - $168.16. KH and HL, as AB is to HK, f ſo isH 
E to AC; and becauſe of the equiangul: 
1 triangles ACO, HLN, as HL is to AC 
o is HN to AO; wherefore as FA is 
IE. l . HM, * fo is HN to AO; conſequent 
the rectangle contained between Af a 

| AO, is equal to the rectangle containe 

between HM and HN; wheteline th 

f cor. i. yr point A is f a point in the periphery « 
12of this tha hyperbola, which has the lines EB ar 


The 


righ 
10 C 


EC for its aſſymptotes After the fam ck 
maanner may it be demonſtrated, that tl de 2 

7 
 pointDis in the periphery of the ofen: 
* ſite hyperbola, neither can BC cut the h fy 


2 perbolas in any other point than A; ft 
if it were ſuppoſed to cut it in anothe 
point, then would a rectangle contain 

between two lines, each greater or ſmalle 
| than FA and AO, reſpectively be _— 


- * n „ 
A 


e rectangle aner berween FAa 

0, ). wh is abſurd. 5 77 2 ace 

Therefore, If the 1 4 ay 

f two oppoſite hyperbolas be cut with 

right line, that line will cut each of 

e oppoſite hyperbolas in one ——_— on- 
; Wah was to be demonſtrated. 


PROPOSITION Vl. 


THEOREM XVI. 


1 ri 957 line draus through the cen- 
ter, within the angle contained be- 
tween the adjacent afſymprotes of op- 
foſite hyperbolas, 2s a ſecond diame- 
ler. ® - - 


ET CA, CB, be the aſſymptotes of 
any hyperbola, and through the cen- 
c let the right line CF be drawn with- 
the angle ACD, which is contained be- 
een the adjacent aſſymptotes AC, CD; 
ay, the right line CF is a ſecond dia- 
ter. For take any point in the aſſym- 
te CD, as G, and through G draw GH 
prallel to the aſſymptote CA, cutting - 
eline CF in H, and make GD equal to 

; join DH, which produced cuts the 
Har. ally m- 


*159f this. * cut the two oppoſite | 


_ DG is to 80. e a H te kid. 


2 Bofthis, 9 N to HA, 40 E. is equi 0 l AK 
wherefore LH is equal to HK, cor 
Aa 4 of quently FC is a + 600d diameter. 15 


how © Rdn A e, lie DA 

ype rbolas, 5 vi 
let be in the points K and 135 
Then beeauſe GH is parallel bd ke, 


. 


Therefore, Any right line dran 
through the center, within the an 
contained between the adjaceus aſh 
ptotes of oppoſite hyperbolas, 1 a ſeco 
diameter; ; which was to be demea 


PROPOSITION XVI, 


TT HEOR E M XVII. 


I I any right line, terminated both 4 
by the aſſymptates, and meeting t 
hyperbola, be biſected in the point 
coutadt, it is a tangent to the hy 
| bola; and if it be a tangent tt 

; hyperbola, and terminated both ut 
by the alſymptotes, it is bijetiel 

the point of contact. 


_ * ö 
38 


* 5 &; eb. be the eee er 
any h hypetbola, and AB a right Hine 
nin A WY 
g the pech in P; "Hil if AD be e. 
to BD, Thy, the line af 
ir to the hyperbola. For through D 
nr DE * parallel to the affymprore CB, 1E. U 
d cutting the other in E, and'throng] 
ns other poiht. in the line AB, as H. 
w FH parallel to the alſym mptote "CB 
d cutting the other in F; 

Then becauſe DE is parallel to to 86, a8 
bis to EC, tÞi is AD to DB; and terte 


d becauſe DE is parallel to HF, the tri 
les ADE, AHF, are equiangular, 1 
DE is to EA, + fo is HF to AF. But f E. 1. . 
c rectangle contained between DE and 
is to the rectangle contained be. 1B. l. 6. 
een AE and EC, as DE is to, AE; that 
5 HF is to AF, and the rec A) le con- 
ned between HF and FC, is to the rect- 
ple contained between AF and FC, 3 
F is to AF; therefore as the rectangle 845 
tained hae DE and EC, is to the 
angle contained between AE and EC, 
ſo is the rectangle contained between #1 8.1.5; 
Fand FC, to the rectangle contained 
be- 


tected in D, AC will be 'bileted i in E; N 
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ET” 246 8 of Conic F dein k Book | 


"4 eween AF. and FC. Bur becauſe AC i 
qually cut in E, and unequally i in E, u 
rectangle contained between AE and I 

$58. L.2. that is, the ſquare of AE, is greater th: 

the rectangle. contained berween AF a 

| FC; wherefore the rectan le contained 

tween DE and EC, is greater than t 

; _ rectangle contained between HF and K( 

= 15 2 ane FF conſequently the point H is t without t 


periphery « of the hyperbola. After theſd 

manner may it be demonſtrated, that x 

other point in the line AB. is without 
periphery « of the h yperbola; therefored 

ta line AB is a 4 tangent to the hyperbo 
. 
Again, if AB 70 A tangent to thek 

| perbola, and terminated by the aſſymptot 

in A and B; I fay, the line AB is biſe& 

in the point of contact D; for, if not, 

BG, if poſſible, be a part of the gra 

BD, Ae to the ſmaller AD; then 
becauſe AD is equal to GB, and D iff 

point in the periphery of the hyperbol 

kr of this. wherefore G is alſo a * point in the pe 


phery of the hyperbola; conſequently ii 
tangent AB touches the periphery of . A 
1 in more points than one, white 7 


o 


md Aae 57 Conc Seftions t 


Irnerefore, If any right line, term. 
ted both ways by the aſymptotes, and 
ching the hyperbola, be biſetted in 
point of contact, it is a tangent to 
hyperbola and if it be a tangent to 
 byperbola, and terminated both ways 


n | . . . - 
d e a Hmptotes, it 25 bi ſected in the 
uri of contact which was to be de- 


nſtrated. 
1. From hence it follows, that from 
ne point no more than one tangent 
m be drawn to an hyperbola: For 
om the point D let AB be drawn a 
angent to the hyperbola, and cutting 
be aſſymptotes in A and B, no other 
ne can be drawn from the point Da 
iſelengent to the hyperbola; for, if poſ- 
ble, let KDL be drawn from the point 


ora a tangent, cutting the aſſymptotes in 
on and L, and from D draw DE paral- 


DH to the aſſymptote CB, and cutting 
e other in E; then becauſe AB is a 


boli 
e pet — AD is 1 equal to DB. But as *by this pr. 
ly HD is to DB, ſo f is AE to EC; there- f 22. 1.6, 


of re AE is equal to EC; and for the 
wife reaſon, becauſe KL is a tangent, 
E is equal to EC; therefore AE is e- 


Thea! to KE, a part to the whole, which 
abſurd, 53 Cor. 


Gor. > 2. 4 Nen it is evident bon ſs, 
+. draw. a tangent-'toan, hyperbola fan 

any point in its e V the alli t. 

n being e Now. * Piet 
[ le 
| Hh 
Thi 
he Ve 
ves 
wall 
den 
or. | 
righ 
gent 
ptot 
equa 
the 
betw 


PROPOSITION n 


5 N iN 


E |. whe 
= on TuIO AEN XVII. 


Ai cbs lines drawn ec the wertn 
4 a tram ſber ſe diameter, tange 
to the oppoſite n are Life 
pag to one anot hen. 


4 


E T CA; CB, be the Ati 
any hyperbola,, and from M and 

the vertexes of the tranſverſe diameter MJ 
let the tangents OP and QE be dra 
cutting the aſſymptotes in the points 
P. Q and E; I fay, the tangent OP 
parallel to the tangent QE. For fronſ it cu 
1E. l i. and M draw NR how! MS * paraltel oF and 
aſſymptote CB, and cutting the oth is * 

| R and S; twee: 

= |. Then becauſe NR is parallel to 00 terce 
12 E. l. 6. PN is to NO, + fo is PR to RC. Bu Wand t 

4t7 of this. is + equal to NO, wherefore PR is <q of ha 

to RC; for the ſame reaſon CS is © 
to SE. Again, becauſe NR is parall 


160 ments o Gant Sefliont. 245 _ 
10% MIS, the- riangles CRN and eM are. 
a fi niang „and 48 CN is to CM., * 0 * 1 . 6. 5 1 5 
Rto Cs, and ſo is CP to CE; whefe- : 
re the triangles CPN and CME are + ſi- 165. 161 

ilar, and the angle CEM equal to the 

ele CPN ; conſequently the tangetit PO — 

t parallel to the tangent . 127. l i 5 
Therefore, Right liner drawn through 8 
vertexes of a tram ſberſt diameter, ” 
wents to the oppoſite hyperbola, are 

rallel to one another. ;_ -which was ta 

: demonſtrated; | 

r. From hence it follows; that if any: 

right line be drawn parallel to any tan- 

gent, and produced until it cut the aſſym- 

ptotes, the ſquare of half the tangent is 

equal to a rectangle contained between 

the ſegments of the line, — 

between any one of the points where 

it cuts the periphery of the ab 

and the aſſymptotes; for that rectangle 

is * equal to the rectangle contained be- 8 of this}. 
tween the ſegments of the tangent, in- 

tercepted between the point of contact 

and the aſſymptotes, that is, the W 8 
of half the ar 


rere, 


« - 
£ 
% 
5 5 
232 
* Y 
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rer 


Ae hyperbole « uw its , 
Seven, te drew A right line 1 
ff Is will be @ tangent to the i 

Foo and. parallel to 6 Lives rage " 
75 _ whichcuts both the efymptates of 
ſame or oppeſite hyperbolac.. 


Er DE be any hyperbola- and 
and CB its aſſymptotes, and FG ag 
ven right hne, cutting the 
333 — nog 
to the hyperbola DE, paraltel ro the fh 
line FG. Biſect the line FG in che poi 
| H, join HC to the center, and from af 
| point, as E, in the periphery of the hy 
F- *;1E.1.1. perbola, draw EI. parallel ro HC, cu 
3 ting the aſſy mptotes in K and L., and fi 
13. l. s. a f mean proportional between LE a 
Ex, which let be CD, in the line ( 
produced; then becauſe LE is to CD, + 
O is to EK, che rectangle contained 
17 6. tween LE and EK, is f equal to the ſquat 
of CD; and E is a point > in the periph 
of the hyperbola, wherefore D is alſo 


E e point in the * of the hyper 


17 


S 7 5 
g * 6 — 


Then aca hut Pale FG, oe 
FHC. DCM. are cquiangular, 
forthe ane reaſon the triangles ADC 
| HCG! are z Wherefore as 


HG ro: AD, conſequently as HF is to 
, | Þ is HG to AD. But HG is e- 111 F. . 5. 
il to HF, wherefore AD is + equal to 11 F. . 3. 
1 ogy en 
nt to the given hyperbola DE, and pa- 
3 line FG, cutting both 


e aſſymptotes of the ſame or oppoſite | | 
perbolas z which war #0 be done. \T 


i PROPOSITION XX. 
THEOREM XIX. 


Hom any point in the HALTER. of 
an hyperbole à right line be drawn, _- 


biſectiug the angle contained A 
bo right lines draws from the ſamo 
(quail Point to the foci, that line is à tan- 
her] gent to the hyperbola ; and if it be @ 
tangent to the hyperbola, it will bi- 
feet the angle contained between twa 
Ita. © e 


is to CD, * fois HF to DM, and ſo r l . 


Rs n= lines trawn f 
4 en,. to the foci. 8 ; 


T ET AB Sons bype & 990 
its foci; and from any point, as B. 
the periphery, let the right line BF | 
drawn, biſecting the angle CBD, contai 
ed between the lines drawn from the g 
ven point to the foci; 1 ſay, the line} 
is a tangent to the hyperbola. For abo ex 
- the center B, with the diſtance BD, to t 
- neareſt focus deſcribethe circle DKG. a 
ting the line BC in G, and join DG, whic 
euts the line BF in H; take any othe 
point in the line Br. a8 The Join 1575 line 

EC, ED and EG; 

Then becauſe BG is * to BD, an 
BH is common, and the contained angle 
SH, DBH, equal to one another; ther 
? 4E.1,1. fore * the baſe GH is equal to HD, an 
the angles GHB, DHB, equal to one a 
other, and conſequently right angles. 
gain, becauſe GH is equal to, HD, an 
HE common, and the contained angle 
right angles ; therefore the baſe EG is e 
qual to the baſe ED; wherefore if abo 
the center E, with- the diſtance ED, 


Lire be deſcribed, it will paſs throug 
th 


9 


ang hel line EC 2 ——— 1 7 
2 point taken without the circle MD, 

a from it CM and CG are drawn to che 

mvexity, one of which, as CM, 

rough the center; wherefore CM is f. 1 

| leaſt that can be drawn from that point = 

the convexity ; - wherefore EM is leſs 

in CG. But CG is the exceſs: by which 

l N BD, that is, f the tranſverſe f 1 of chic. 
s; conſequently CM is leſs than tje 

nyerſe axis, and CM is the exceſs by 

ich CE exceeds ED; wherefore + E is jcor-2.9r, 

point without the periphery of the hy- N . 

abola. After the ſame. manner may it ; 
: demonſtrated, that any other point in 

e line BF. is without the periphery of 

e hyperbola, conſequently * BF is a tan- def. roof | 

at to the hyperbola, __ 
Apain, if BF be a tangent to the hyper: 

la, it will biſect the angle CBD ; for, if 


* . . 
* 8 < 
nern r eee eee e RS . wi 1 


e ene 
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2 F F 
. ͤ —˙-» 099 or AYE AT . ] yo as 


s. Nr a line may be drawn from the point 5 
, all f biſecting the angle CBD, which (by t E. Il, 
angle e above demonſtration) is a tangent to 


© hyperbola, and from the fame point 

there will be drawn more than one tan- 

it to the enn which + is abſurd; tor, 1.900 
| where- * / 


& 


2 hyperbola, cutting the 41 
the rectangle contained bet 
 » ſegments of the eHDmptoter. 
* bebe the leg, 7 
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in notes between the ce 


- any other tangent. 3 


on : . 2 4 - 


E T CA, CB, be the a 
any hyperbola, and let AE, | 
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2 ks 
bes A; E, Band G; I ay, the rect. 


e contained between AC and CE, the - 
ments of the aſſymptotes, — © 
een the center, and tangent AE, is 
7 1 co the rectangle contained between 
* , the ſegments pf the ſiyms 
ene between the center, 
gene BG. os Os Pans 1 
K nk FL, eeflrttibely: e 
me aſſymptote, and cutting the other 
the points M. H, ar 
Then becauſe the line MD is parallel too 
, the triangles ADM, AEC, are fe- 120 K. I. 1. 
ingular, and as AE is to AD, 4 ſo is 1 E. I. 6. 
to DM. Bur AE is double AD, *17 of this 
erefore EC is allo double DM; alſo 
is double AM; conſequently che rect- 
e contained between AC and CE, is 
r times the rectangle contained between 
L and MD, becauſe of the parallel lines 
and DM. After the ſame manner 
it be demonſtrated, that the rectangle 
tained between BC and CG, is four 
nes the rectangle contained between LF 
FK. But the rectangle contained be- 


_ tween 


* MBE. <7 » £4 4 


a. dt aw 


uu and CF; 1 5 3 to the r. 


| contained between AC and CE, is ec 


wine between BC and C. . 
Therefore 2 any right. Hine: bedra 


deten 50 the refteunks; 1 
tween. the ſegments of the aſſymptot, 
intercepted between the center and t. 
gent, is equal to the rectangle conta 
ed between the. ſegments. of the aff 
ptotec, iutercepted between the cent 
and any other Rees 3. which was 
be demonſtrated. 5 ap” 
Cor. 1. From hence it follows, 'that if t 
points of interſection of che aſſymptote 
and tangents to the ſame or oppo 
huperbolas, as A, B, E and G, as : 
D and F, be joined with right line 
theſe lines are all parallel to one an 
ther. For join EF, which cuts the li 
Az in N; then becauſe the rectanę 


> .t 


to the reQangle contained between l 
and CG, as AC is to CB, f ſo is C 
to CE; wherefore GE is + parallel 


AB; and becauſe GB, "Te cut the p 
£ | 


1 9 ſected in the points D and F; there- 


fore as EF is to FN, *ſo.is ED toDA; 2 
+ 4 a Et U. 6 


bon | conſequently DF is 1. arallet to AB. 


. r. 2. The feginents of ay two fangents, 
ed iF terminated by the aſſy mptotes, are pro- 
tot portionally divided inthe points of con- 


d ta tact, and where they mutually cut each 

ntal} other; becauſe. AB is parallel to FD, 
3 18 AQ. is to OD, &o is b0 te OF. 
PROP oOSITI ON il. 


TTO IN XXI. 


an hyperbola a line be draum, cut- 
ling the tran foerſe, and parallel fg 
ine its ſecond diameter, the ſquare of the 
tranſverſe. pill be to the ſquare of 
e liſ its ſecond diameter, as the rectanglè 
ung contained between the ſegments of the 
tranfoerſe, intercepred between its 
n BY vertexes, and the line drawn cutting 
s ON #f, ic to the ſquare of that lines and 
lel fl if the ſquarò of the tranſverſe be tq 
e pf ths Jquare of its ſecond diameter, as 
1 K * b ret 


ere ll! ines AB, GE, 4 Cr ö 66, 
def 6 is EF 0 FN. Bur 4 is to FB. 
en M ſis AD to DE, becauſe they are bi- 
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 "ripbery of the hyperbola.” "Bat if of 


| 5 7 0 of an hyperbola,” cutting 


oF verſe diameter, the Square of the . 
cond is to the ſquare of its tran 


f half the ſecond diameter and it 
ſegment, intercepted between the cen- 


ro the ſquare of that line; ; aud if t the 
; Square of the ſerond be to the ſquare 
F its franſverſe diameter, as the 


where it is cut, by a line drawn P. 
rallel to its tranſverſe diameter, is 
to the ſquare of that parallel line, 


ener of the trau fe r/ intercepted 
Ver een Its, \Verfexes, 71 the Point Ay 
drawn par e Fo: t 
© Frond ds cuts .. 4 to. "th 
of that parallel line, the of 
ther extremity of the line pu rallel 7 | 
The Fecoud' diameter Wi tl be ; in the be 


Ine be drawn from any "point in the 


he ſecond, and parallel to its tranſ: 
diameter, as the um o F the | 


fer and the line drawn cutting it, i 


ſum of the ſquares of half ; the” ſecond 
diameter and its ſegment, i intercept- 
ed between the center and the point 


the other extremity of char 225 | 
line 


Land | 
8 8 


LA en 
* 1 e 


/ ſecond 4 X, any. rperbola, 
bis center, .CD and CE its aflymprores; zz 

d from any point in its. periphety, a 0 
le FG be drawn parallel oth 3 

cutting its tranſverſe diameter in j 
lo, the Iquare of the t nſyerſe AB is to. RY 


* 


beſquare of i its ſecond diamet HK, a8 the 1 A 
dangle contained, between AG and. GB, „ 0 
e ſegments of the tranſyerſe, f intercept... 

between its vertexes and the line drawn > $6 
ming it, is to the ſquare of that line FG, 5 
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« from B, the vertex of the diameter | ; 

IB, draw DE a rangent to. the hyperbo- © 
cutting the aſſymptotes in D aud E, % 

elne DB will be * eg ual and parallel to %s 


IC, and pr reduce. FG nl it cut tx. the u- 
japtotes.in M and e er | | 
tex becauſe EG is parallel to. DB, che 1 

ples LGC and DBC are þ. 17 
hub. + is to GC, + a. js DB co Ber 6. _ 
herefore the ſquare: of LG is * to the 12 E. l s. 
jure of GC, as che ſquare, of DB i 6 „ 1 
de ſquare of BC. But the ſquare of DB = — | 
| equal to the 7 — j 2 1 N | 
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3 ch ar of CB, 3 ich the x: 
ar joy refed ay AG and Gb, th 
quare of C6 or ee ja 


do che ſx re of ie auff ſe AB; fo 580 
ſum of the ſquares upon HC and CO; wit 
. half the ſecond diameter, and its 
intercepted between its center and che lin 
drawn cutting it, to the ſquare of FO. 
laſtly, if from the point F, FO be 
drawn parallel to the tranfyerſe 1 


18 
1 "6 


pt 1 be in 


ohery, "©; ollie, In Cs ; 7 


* 


perip 

pr, as Q; chen becauſe 0 1 
int in the periphery. of the hyp 
parallel to the tranſverſe Se: AB, , f 
cutting its ſecond diameter HK in 0. 
the ſquare of HK is to the ſquare ß . 
ſo is the ſum of rhe ſquares upon *prec.demy 
and CO to the ſquare of QO; where- 
as the ſum of the ſquares upon He 
Ico- is to the ſquare of QO,. +. is f f. Lg 

ſum of the ſame ſquares upon HC and 

to the ſquare of FO; conſequently | 

ſquare of QO is + equal to the n 

FO, and the line QO to the line FO, 

* equal to the whole, which is ab- = 
|; wherefore the point F i is in the pe. 5 „ 
cry of the hyperbola... 88 N „ 
Therefore, If from any point in 4 Ie 
iphery of any hyperbola, &c. which — | — 


» 


to. be demonſtrated. bs 
. From hence | it follows, that if from | 1 
fo or more points in the err 
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% 
—— 
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. 
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ole, gh we b dra ſie 
FP: ſecond , and cutti Ju 
tranſperſe, the ſquares of t thele lin 

| Have the fame Proportion to one aue 2 
ther, as the feckangles coüttainted berwe lame 

: — * 40 of the tranſverſe diameteſiitbe! 

5 rcepted between its verrexes 1 C 

theks ret reſpective lines. e 

Cor. 2. If from two or more points in eſo! 

| periphery 7 of the ſame or oppoſite þ kb | 
A right Iines be drawn para" 

to any tranſverſe, and cutting its {econ * 
diameter, the ſquares of theſe lines hay 

the ſame proportion to one another, 

the ſum 55 the ſquares of half t efecon 
diameter, and its ſegment intercept 

between the center and the firſt ment f 

oned lines, is to the ſum of the ſquare — 

of half the ſame ſecond diameter, an cittin 
ts ſegment intercepted between its cee t 

ter and the ſecond mentioned Une, Ge 

Cor. 3, Any tranſverſe and its ſecond d 

meter are conjugate diameters : For ff 8 

FG and FO cur the ſame and oppoſigſ®"« 
hyperbolas in R and P, as the rectang 
contained between AG and GB is 

* cer. 1 the ſquares of FG, * ſo is the fame red Sn 
#77 angle contained between AG and GB fed 
| 


alk to 


5 2 2 q Fe: 22 1 ; ; 5 | 
. 4 .% Ly * * T F 7 " 2 * 
" y Y 2 , 
ö 1 of 2 > 3 
4 : ; 
„ 1 n 
6 2 922 — t 937 d 55 
8 - x. £ 2 ” 2 
of 6 * bt + 4 g 
to 11 of : S$ \ 1 


» [i TR ; 
A es of FO. Jg tem of ev 


on EH and CO, to 75 


nc a he line-'C —— 2 
tonſe quentiy the two'diameters HK d | 

15 are chnjugate diameters. Al * def.. 7 of 
two diameters cannot be conjugate w mY 

ne and the fame tranſverſe or on 
lameter. 

. 4. If fom t two Pein one of which 

6 in the periphery of the hyperbola, 

wo tight lines be drawn parallef to rhe 
banfverſe; ' and cutting its ſecond dia- 

neter, or parallel to the ſecond; and 

urting its tranſverſe; and if in the firſt 

ale the ſquares of theſe lines have the 

ane proportion to one another, as the 

im of the ſquares of Half rhe ſecond 
lameter, and the ſegments intercepted . 
between the center and theſe reſpective 
Ines; or, irs the ſecond! cale, the ſquares 
df theſe lines have the fame proportion 

0 one another, as the rectangles con 
ined between the ſegments of the dia- 
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equal ſegments to the center, are e £q| 
to one another; and if they be eg 
to one another, and parallel to eithe 
1:6 the two conjugate diameters; theſe 
ments of the other, intercepted betyee 
them and ag center, are "_ to on 
another. 35 n 
Cor. 6. — or more Nee in para 
to one another, and terminated by 
fame or oppoſite. hyperbolas, that di 
meter which biſects any one of the! 
will biſect them all; and that right l 
Which. biſects two or more right lines 
terminated by the ſame or appolce b 
perbolas, is a diameter. 


Cor. 7. The rectangle comained bee 


* 


ſquare of irs'conjugare;as the tranſverſe 
is to its s latus rectum. But the ſquare 
| tranſverſe is to the ſquare of its 
conjugate, f as the above mentioned | rer. 2 
rectangle is to the ſquare of the ſemi- 25 
ordinate ; conſequently the tranſverſe | 
diameter is to its latus rectum, ; as the 111. s. 
rectangle, contained between the | ſeg; | 
ments of it, / intercepted: between any 
ordinate and its vertexes, is to the ſquare 

of that ſemi-ordinate.. After the fame -. 
manner may it be demonſtrated, that a- 
ny ſecond diameter is to its latus re- 
ctum, as the ſum of the ſquares of half 

the ſecond diameter, and its ſegment in- | 
tercepted between the. center and any 
ordinate, is to the quare of that ſemi- 
ordinate. Lie 
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off right line draus the b, vs ; 

/ — 5 any. tranfuerſe di. 
rallel to the ordinate of that dia. 
ter, Is à tangent 70 ehe Aperbulſſype. 

\ and if it le a tangent to the. bye 
Ja, it will be parallel to the org 
e the tranſuerſe diameter <0 
through the point of contatt. .. » 


"ET CBbea tranſverſe Pas it 


' byperbola BF, C its center, CD al} an 
CE the aſſymptotes, and FR a | ordindfÞ ter 
to the diameter CB, through th pe 
let BD be drawn parallel to the ordin if 
FR; I ſay, DB is a tangent to the hyp i be 
. bobs For becauſe FR is an ordinate I an 


ver. 5.pr. the diameter BC, FR will be * parallel I on 
27 in the ſecond diameter; wherefore-DE v 
tz E. i. i. be f parallel to the ſame ſecond diamett 
1 77% 13 and — D; is a + tangent to t 
in hyperbola BF. Again, if DB be at: 
to the hyperbola BF, it will be parallel 
> the ſecond diameter, which is conjug 


to > CB; for becauſe BD is a a tangent to the lj 


8 8 TSA 


amet: 


rough doi i vertex. of n by nfo 
liemerer," and — 0 an ordinate. 
f that diameter, it ir 4 tangent % the 
yperbols ; and if it be a tangent to tbe 
hperbola,'if will be parallel to the ordi- 
es of the tranſverſe diameter drawn 
brough the Pome of. Woe; whichwas e 


or. Two right lines curtiog one another. 
and not drawn through the center, and | 
terminated by the fame or oppoſite hy- 5a£ ©] þ>«>a>> 
perbolas, cannot biſect each other; : 

if they did hiſect each other, they would 

be both ® ordinates to the ſame diameter, 4% 5 of 


nate I and conſequently would be f parallel to fam 5 pr. 
-allel One another, which IS abſard. 12 of this. 


PROPOSITION XXIV, 
TBEOARENM XXIII. 
if a right line, which is a tangent te 4 
an hyperbola; cut any tranſverſe di. 
emeter, and from the point of contact 
an ordinate be drawn to the ſame di- 
: ameter, 
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fy wy any. —— e | Pere 5 
* _the point of contact an ordinate 
draum to tbe ſame diameter, the re 


Angle contained between the ſegmen i H 
of the diameter, entercepted-betwelÞ int 
the ordinate and center, and ordinaſſe ver 

: and tangent, is equal to the ſum zent 

the. ſquares deſcribed upon half 1 

diameter, and the ſegment of the af *G 

_ emeter intercepted between. the: cf hyp 

Freer and ordinate. Alſo the rectaiſſi nd 


contained between the ſegments fal 


Hh . mY 
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ET A be che ee 
la, AB and AC its aſſymptotes, and 
t DE be à tangent touching it in the 
int D, and cutting the tranſverſe dia. 
ter in the point K, and from the point 
contact D let DH be drawn an ordi- 
te to the diameter GF, cutting it ink H; 
by, the rectangle contained berween AA 
HK, the ſegments of the diameter. 
tercepted between the center and ordi- 
ic, and tangent and ordinate, is equal 
the rectangle contained between GH 
HF, the ſegments of the ſame diame- 
intercepted Fe es the ordinate and 
| vertexes of the diameter, For let the 
ent DK cut the aſſymptotes in E and 
and from E, the yertex of the diame- 
FG, let BF be drawn a tangent to a if this 
e hyperbola; cutting the aſſymptotes in 


a> 


parallel to ED, cutting the aſſymptote 131 fl. l. x 


ad. L, and from F let FM be ae = 


rubs» 6 —— ————— Dany Pere en 


— — 
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12. I. 6. 00. + is? 2 On — Hd 4 — 


11 E. If. is 0 LC, * ſo is ME to BB; and becauf 
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147% O00 to is is FE 


20 — 


OB. ſo is ME to EB; wherefore 4s Nl 


/ 


8 EIL is f parallel to BC, as CI. is to E 
122 E. 75 ſo- 18. BB e. to EA; and by: quali 
LN. ist to LA, ſo is EM to EA 4 

1b E. l. 5: COR „as NA is to LA. o is 
2E. l. 6. to. EA. But as AN is to LA, +ſo Hh 
to. HA, and as MA is to EA, ſo is FA te 

KA; conſequently: as HA is to FA, ſo i 

FA to KA; thetefore the rectangle con 

$17 £-1:6: tained: between FIA and AK, is + equal 
ccithe ſquare of HA. Again, beecauſe FG 
is equally cut in A, and HF added to it 

the xectangle contained between GH an 

HF, together with the: ſquare of FA, i 

% GE- 1.25. equal to the ſquare. of HA alſo becauſ ; 
4 2E. I. 2. H. is + equal to: che rectangle containec 


between HA and AK, together with — 


Ea 
— 


4 
* 
* 


he ſegments of the diameter intercepted 


erween the otdinate and vettexes of rhe 
7 STE 


1 f 410, the rectangle 
geen n HK and KA, the ſegments of the 
ter, intercepted between the tangent 
a ede, aud the taugent and center, 


K arid FK, vi. tho ſegments of the di- 
in between che. rahogent 
0 diameter. For becauſe 
e cut in A, and une 
M 5 


1 
| 
l 
1 
i 


: ,-roge * i 8 the pant ak 
is equal to eng f. FA. But . - 
the above demonſtra won) che ſquare of 


Hu and AK; and beau u ere 1 lio 
#36. HA b AX; ih vo Sal to. the red 1 
1 nee between HK and KA, togeth 
Woh the ſquare of AK; therefore-the xl 
angle contained between GK and EK. 

gether with the ſquare of KA. is 7 

the rectangle contained between H 

EKA, together with the ſame ſquare of Ki 

take from both the common ſquare of K| 

and there will remain the rectangle cc 
tained between HK and KA, wiz:the.re 
angle contained between the ſegments 
the diameter, intercepted between the t 
gent and ordinate, and tangent and ce 
| ter, equal to the rectangle contained 
tween GK and FK, vis. the . reQtan} A to 
contained between the ſegments. of the. KA, 

- ameter intercepted ' between the verter 

and tangent; W. W. D. ba 

Part 2. When the tangent DE cuts! 
|. ſecond diameter AP in Q. I fay, the 10 

angle contained between QR and RA, ! g 


crefo 
uare 
te as 


ole ©q 


Ln 1 1 


F cen 2 ee and center, you) the 0 or- | 
nate and tangent, is equal to the ſum: _— 
e ſquares deſcribe AP and AR, - 
. half ae end and its ſeg-. 

eit intercepted between the center ang 
iinate For let GF be the conjugatet tranſ- 5 
i diameter to SA, which cuts the tan · E 
ct DE: in K. and from the point of con- 

a D let DH be drawn an ordinate to 

e tranſyerſe diameter AF; cutting it in 

then (by the above demonſtration) as 

Ai is to FA, ſo is FA to KA; therefore N 
HA is to KA, * fo is the ſquare of HA, 8 20 Bc 
* ſquare of FA; and by diviſion, as as | 
Kis to KA, f ſo is the rectangle con- 177 E. l. 5. 
ned between GH and HF, to the ſquare 

FA. But as the rectangle contained be- 

een GH and HF, is to the ſquare of 

t ſo i is the ſquare of DH Ox AR, which 122 of this) 
equal to it, to the ſquare of AP; where- 
e as HK is to KA, * ſo. is the ſquare of 11. I. 5. 
A to the ſquare of AP. But as HK is 

KA, tio is Dx to KQ, or RA to AQ; 28.1.6: 
erefore as the ſquare of RA is to the | 
ire of AP, fo is RA to AQ; where- + a 
05 "Fic as RA is to AP, ; ſo is AP to e 

alequently the ſquare of AP is * equal 177 K.. 6. 
2 NN M m 2. — - 
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ameter, intercepted bet een tke ordin: 
| and center 1 and ordinate and tangent, 
t 


| ai op add wo both TIRED 7 


| ON: is 27 Howe: out in . 1 we 


ſcribed upon AP, half the diameter, at 


the diameter, intercepted: between theta 


ametex, and the ſegment of it intercept 
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contained between pr paſs is * om 
to the rectangle contained. between ( 
and AR. together with the ſquare of Al 
conſequently the rectangle contained b 
rween QR and RA, that is, the rectan 
contained between the ſegments: of the 


equal to the ſum of the two ſquares d 
RA the ſegment « of the diameter intorcey 
ed between the ordinate and center. 
Likewiſe I fay Y, the rectangle. conta and 
between RQ and QA, the ſegments 


gent and center, and tangent and ordina 


is equal to the ſum of the ſquares deſaſ AR 


bed upon AP and AQ, viz. half the d 


between the tangent and genter, For (! 


the laſt part of the —_ of tang! 
[qua 


"R4 any 5 RA and AQ; Sp 
e AQ: and the r 
res „ AP and AQ. is e-. 
rectangle contained between 

8 AQ: roger! er with tlie ſquare of 
Q But becauſe 


&'the line QR is any how 
G t in A, the x6 contained between 


ntained between RA and AQ, together 
ith the ſquare of QA; conſequently: the 
Tang ecdangle contained between RQand QA, 
ede ſchments of the diameter, intercepted 
tween the tangent and center, and the 


the ſquares deſcribed upon AP, half the 


rcepſÞtveen the tangent and center. 

Therefore, I fa right line, which ; 10 
tain tangent to an hyperbola, cut any right 
nts Ie, &c. which was to be demonſtrated. 
heuer. 1. From hence it follows, becauſe 


gent and ordinate, is equal to the ſum 


r, Mſameter, and QA its ſegment interggpred 
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Qand QA, is * equal to the rectangle * * 


dinuſ AH is to AF, f as AF is to AK, and /f ups * 


deſafl AR is to AP, as + AP is to AQ, aſe-; 
the d mi-· diameter is a mean proportional be- 

cepiſ tw een the ſegments of the ſame Ads 
or (IF ter, intercepted between the center and 
d ordinate, 


n) if tangefit, and the center and 
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Cor. 2. The dente of t he's diameter, in 

tercepted between its vertexes and th 

© ordinate,” have the fame proportion ii 

one another, as the ſegments of theſan 

| damen, intercepted between its ver 

1 texes and the tangent: Becauſe AH i 

SE to AF, as AF is to KA. by converſ 

ber. 198, on, as AH is to HF, * ſo is AF to FK 
ee and by doubling the antecedents,” a 

| . together with HF, is to Hf, | 

is FG to EK; and by diviſion, as HI 


is to HF, ſo is KG to FK. Aſter th 


ame manner may it be demonſtrare il * 

the ſecond diameter S. 1 

. Cor. 3. When an ordinate to a a ſecond d ng 
ameter, .drawn from the point of cor K. 

tact of a tangent, cuts it in one of i WI 

vertexes; the tangent will cut. it in l ohh 

other vertex; | P. 

ia Cor. 4. If from any point in 800 . 5 
ry of an hyperbola an ordinate be draw! 
to any diameter, and from the fim 

point a line be drawn cutting the due 

meter; and if half the diameter be 0 

5 mean proportional between the ſegment * 


— and, tlie c © "FP and 3 | 
line; the line drawn cutting it will be 
a tangent to the hyperb For let 


bd be an ordinate, cutting the diame- 


ter AF in H,; drawn. from the point D 
in the periphery of the hyperbola FD, 
nd from D let DK be drawn cutting it 
Wink, fo as FA, half the diameter, is a 
mean proportional to HA and KA, DK 
is a tangent to the hyperbola; for, if 
not, let any other line, as DT, bedrawn 
a tangent to the hyperbola, cutting the 
diameter in T; then as HA is to FA, 
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ſo is FA to TA. But as HA is to FA,. 2 1 of 
f ſo is FA to KA; wherefore as FA is f 2 


to KA, ſo is FA to TA; conſequently 


KA is + equal to TA, a to the k. A1 


Fe which is a” 
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PROPOSITION XXV. 


"THEOREM XXIV. 


2 right line be drawn a ragte fo 
one of the conjugate hyperbolas, and 
through the center two right lines be 
drawn, one through the point of con- 
lack, and the other parallel to the 
langent, and curl ting one FF the adja- 

Cent 


551 E. l. 1. CO, parallel to the aſſymptote KL, ai 


$17 of this. hyperbola AB, LA is 7 E qual to 


0 1 e ba the NN 1 
0 neee  to-that-4 rus ſber 
51 8 through the pbiut off conte 

i. anne will be e fork x 


A Spray es K Sh « 
ter, KL. and KM their — | 
1 be a/ tangent to 'the-byperbola Al 
Tonching it in A, and curing the aſh 
ptotes in L and M. and through the c 
ter K let KA be drawn to the point 
contact, as alſo KC parallel to the tr 
gent LM, cutting 5 periphery of ticret 
hyperbola, adjacent to AB, in the poi 
C; I fay, KC is half the ſecond diamet 
which is conjugate to KA. For throutoug! 
the ee A and C draw the lines 


cutting ho other in the points N and per 
Then becauſe LM is a tangent to 


12 E. I. 6. but as LA is to AM, 4 b b KN to l ent h 


whe 


ecauſe A and C ene th ee 
n of the achacent Hyperbolas AB and 
D, and from theſe points the lines AN; 
0, are drawn patallel to the rc aps nv 
I. ' curtiig the eser in N and O, there- 
re the rectangle contained between AN 
NK, that is; NI is ® equal to the .. 
dangle contained between CO and OR; "of thi 
herefore as CO is to AN, + ſo is NM +16 8:1. 6; 
OK. But becauſe CO is parallel to AN; | 
CK to AM, the 2 CORK; ANN. 
e ſimilur; and as CO is to AN, I ſo is . 4k. l. e 
Kto NM; cherewre as OK is to NM, 
is NM to Ok; conſequently the ſquare 
Mis equal to the ſquare of OK, *i7 £:1. 64 
d the line NM equal to the line OK. | 
It as OK is to NM, fo is CK to AM; © 
herefore CK is equal to AM; conſe- 
ſently CK is f half the ſecond Aungeter, def. 14 
ugate to the tranſverſe * drawn 1 W 
wugh the point of contact. FE, 
Again, if CK be equal to half the ſe⸗ 
nd diameter, which is conjugate to the 
nſyerſe AB, the conſtruction remainimg 
© fame as before; I ſay, the point C 
Ube in the periphery of one of the ad- 
ent hyperbolas to AB. Fot becauſe CK 
N n is 


48 x4 half tha Ga eden WR r 
ff ev verb AK, Ck is e and parall 
AM, and CO is para 

fore the two triangles COK, Ad ba 
125 l. l. i. the angles COK, Ok, In) the words 
qual to the angles ANM, NMA, in 

other, each to each, and the ſide CK: 

qual. to the ſide AM; wherefore the fi 

/ 4262.1 . CO is + equal to the ſide AN, and OK! 


NM, that is KN; conſequently the rec 
angle contained between CO and OK, e 
equal to the rectangle contained -betwegſ n 
AN and NK. But A is a point in the f in 
; riphery of. the hyperbola. AB, and C is th 
point within the angle OKL, adjacent af 
the angle LKM, contained between i N 
aſſymptotes of the hyperbola AB; con Pa 
| _ + 1 quently the point C * is in the periph Ss 
| of the hyperbola adjacent to AB. T1 
Therefore, If @ right line be dra! A] 
a tangent to one of the conjugate Hb. Ci 
bolas, and through their center . Pe 
right lines be yo one through Sei 
point of contact, and the other para > 
zo the tangent, and cutting one of © 
adjacent hyperbolas, that line will P 


half the ſecond diameter, conjugate ly 
the tranfoerſe, drawn * the pit the 


— and ee ; left mentioned. 

line be half the ſecond diameter, conju- 

ute to that tranſuerſe drawn. through 

be point of contact, its extremity will | 

0 4 the: periphery of one of the adja- 

ent DIRE 3 which was to be . | 

ax Vivien Düssel it be chat if CK | 

| be half. a ſecond diameter, ' conjugate to 

the tranſverſe AK, in the hyperbola AB, 

reverſely AK will be half a ſecond dia- 

| meter, conjugate to the tranſverſe CK, 

in the adjacent hyperbola CD. For join 

the lines: CA, CL, and let CI. cut the 
aſſymptote KM in P; then becauſe CO 

was proved to be equal to AN, and is 
parallel to it, therefore CA is * parallel *24E.1.10 

and equal to ON, and as LA is to AM, N. 
ſo is LC to CP. But LA is equal to f 2. 16 
AM, wherefore LC is equal to CP, and 

Cis a point in the periphery of the hy- 

perbola CD; therefore LP is a + tan- 4 of this. 
gent to the hyperbola; and becauſe CK 1 
is half the ſecond diameter, conjugate 
to the tranſverſe AK, therefore CK is 1 | 


he ſi 
OK1 
je rec 
OK, 
etwe : 
the i 


vill © * parallel and equal to LA; conſequent- + ef. > i 
50 ly LC is parallel and equal to AK; __ 
Ye poi therefore AK is half the ſecond diame- 

| N n 2 1 1 


16277 * 
ef. 140 
this, 


. * 4 
% 


je . neee @, . 


ow the vertexes of mu conjugate d. 


the two tangents AL, CL, drawn fron 
| The yertexes of the conjugate diamete 
AK, KC, LK will be one of the aſſyn 
| Ptotes; for, if not, let any other lie 
as K Q, be the aſſymptote, cutting i 
tangent AL in Q; then. becauſe CL i 


Cor. 3. A right line drawn from two point 


f peores, is parallel to the other; and i 
it is parallel to one aſſymptote, it ö 
ä biected by the other. Let CA be drawn 

From u the two. Fee ene in the ada 


r. 2. A right line drumn rome pou 


ameters to the center; is one of the; ( 
ly mptotes of the conjugate hyperbolas 
Let L be the point of intexſeftion 0 


parallel to AK, and CK to LA. the f 
gure CKLA is a parallelogram, and C 
is equal to LA. But CK is f equ 
to QA, therefore QA is eq nal 70 LA 
a part to the whole, which is abſid 
conſequently LK is one of the allyn 


ptotes of the conjugate hyperbolas. / 
in the periphery of two adjacent hyper 
bolas, and biſected by one of the aſſym 
* 


"I col 


2 0 ER \ * N N 6 
* * 5 1 * n 7 5 W EAT r 1 CY Ty OY) uv, 1 1 F - 

- . 24.9% „ 85 A VT TC P's ll . "2, 

Os OE OE ; e ; 2 l 3 Fel 992 ; 

7 7 5 TY , 7 7 2 * n ** * WT - 
FOR 4 er” * 947 7.5 W Nie LS 1 N # 

£ 17 , 2 7 Feen N a te $1 ls. K 72 

7 1 LES SP 145 , ; £ 7 — 

. 4 Wt 1 in 2 1 
1 3 . Ya 
4 . * af 4 
P as ; 
- 
a 1 e . 
- yay? * * * -» 
4 „ ; , * uh 9 5 "4 
* 4 « ol # * 
: 9 U { ALRAS © 13S Jog Sl ' 
4 N * = = \ 2 
X , 
4 - 


K cent ant 7 and bisded in u by 
che eee KL; it is parallel to the 
poiaſſ other aſſy mptote KM. For draw the 
rau lines CO, AN, parallelicd the fame af: - 

ai ympt KIL cutting the other in O 
— N; then becauſe the lines CO, RK, 
AN, are all parallel to one another, as 


fore OK. is equal to KN. Hut the — 
angle contained between CO and OK, 

is f equal to the rectangle contained 
between AN and NK; therefbre CO is 
parallel and equal to AN, conſequently 


After the ame; manner may it be de- 
nonſtrated, that if CA be parallel. to 
the aſſymptote KM, it will be biſected 
by the other aſſymptote KL. Alſo if 
the line CA be biſected in R by the aſ- 
ymptote KL, and parallel to the other 
P llymprote. KM; and if the one extre- 
ointWuairy A be in the periphery of the hy- 
xrbola AB; the other extremity C will 


crbola. Becauſe OR is equal to RA, 
OK is equal to KN, and CO to AN; 
lrawnſ#herefore the. rectangle contained be- 
adjaſfrccn AN and NK, is equal to the rect- 
gelt angle 


CR is to RA, * fo is OKeo KN; wbere. * wm . 6; 


fer 22 


CA is + parallel to the aſſymptote KM. 43355. l 


be in the periphery of the adjacent hy- 


— — 
* 


CRY 


e hyperbola adjacent to AB. 


v4 Wou contained: berwcins co tak Ok 
and A is a point in the periphery of i 
huyperbola AB, and C is a point . 
the angle PKL, adjacent to the a 
- LKM, contained between the ah; | 
; pPtotes of the hyperbola. AB; Ao 
*er.4.pr. C eis a point in the W N of 


Cor. 4. If from the vertex of any liek 
diameter an ordinate be drawn to 

| other diameter, and from the ſame * 
d line be drawn parallel to a tranſy 
which is conjugate to that ſecond d 
meter, and cutting the diameter to whi 
the ordinate is drawn, half that laſt! 
ameter is a mean proportional betwe 
its ſegments, intercepted; between t 
ordinate and the other line drawn 
ting it. If CK be any ſecond diame 
and KA a tranſverſe conjugate to it, 
EKT V any other diameter, and fron 
let Cs be drawn an ordinate to 
and CV parallel to AK, cutting the fro 
ameter TK in V, TK, half that third 
ameter, is a mean proportional bete 
KS and KV; for becauſe C is the i 
rex of the Geog diameter to the tr: 
verſe KA, it will be a point in the! 

| _ riphe 


the hyperbola CD; conſequently KT 


is a + mean > proportional berween Ks = 2 
and KV. e 


5 PROPOSITION XXVI. 


 THzOREM XXV. 


from the vertex of any er . 

meter of an hyperbola, a right line be 

drawn parallel to any tranſverſe di- | 
ameter, and cutting a ſecond diame- . 


ter conjugate to the tran verſe, the 


ſquare of the tranfuerſe is to the 
ſquare of its conjugate, as the ſquare 
of the line drawn cutting the conju- 
gate, is to the rectangle contained be- 
tween the ſegments of the conjugate, 
intercepted between its vertexes and 
the line drawn cutting it. But if 
from the vertex of the ſame ſecond 


diameter, à line be drawn parallel 


to any ſecond diameter, and cutting 
a tranſverſe which is conjugate to it, 
the ſquare of the ſecond diameter is 


tothe ſquare of the tranſverſe which 
75 


i ons of the adjacent hyptabols © w- P 
Ar. and AK will be the * ſecond dia- h oi 
meter, and CV will be a f tangent to 4% 5 9 


cor. 1. pr. 
25 of this. 


which has AB for its ſecond conjugate « 


71220 this. 


to the hyperbola BK, and DE will be 


AB, f fo is the rectangle contained be 
tween EG, GD, to the ſquare of GF, a" 


** ir conjogats te in, 4 the . 
75 9 b. is to: the fas of the Jquart DE 


7 deſcribed upon half the tranſverſe I ber 
© - ameter, and its ſe gment. Intercept: 


between the line Saas B ibn 
rbe center. e 

K T c be the center of aby 1 1 

la, AR a tranſverſe, and DE its cot 
jugate diameter, and CF any other ſecon 
diameter, and: from the vertex F let F{ 
be drawn parallel to the tranſverſe diary 
ter AB, and cutting its ſecond diamet 
DE in G; I ſay, the ſquare of the t I 
verſe AB is to the ſquare of its conjuga 
DE, as the ſquare of the line FG is to 
rectangle contained between EG and Gl 
For becauſe F is the vertex of the ſecol 
diameter FC, F will be a' * point in th 
periphery of the hyperbola DF ,>adjacet 


tranſverſe diameter in the hyperbola D 


ameter ; wherefore as the ſquare of DE! 
to the K of its conjugate diamett 


b 


* þ 4 e +>, oth; Pr | - ee" > 
5 n f 5. 7 P ; Wwe + "ILY 
S PRE? n 45 * N , 
q 8 N. "> K * 7 Y I bf 2 
1 k x + 
5 a 
* ts 
1 „ - & 
1 . * 
a 6 \ Oh 39 


by * ie © he (Fink ane of die d 4 * 
neter Ah is to the ſquare of its conjugate 
DE, ſo is the ſquare of FE, the line drawn 

parallet to the tranſyerſe, to the fectangle 
contained between EG and GD; the ſeg = 
ments of the ſecond diameter, intercepted | TY ; 
| between its vertexes and che line drawn . 
cutting Ea 

Again, if from F, the vertex ; of che Eme 
kcond diameter FC, FH be drawn paral- 
el to the ſecond diameter DE, and cut- 
ling its tranſverſe AB in H,. the ſquare of | 
the ſecond diameter DE is to the ſquate of 
the tranifverſe AB, as the ſquare of Tl.. 
the line drawn cuttiſig 'the tranſverſe, is 8 
to the ſquare of Ah Half the tranfverſe, to- | 
gether with the ſquare of H its ſegment, 

ntercepted between the center and the line 

dawn cutting it. Becatiſe F is 4 point in 

the hyperbola DF, adjacent to BR, and 

DE is a f ttanſyerſẽ diameter in that hy- f cor. i pr; 
prbola, which has AB- for its ſecond di- 5 
meter; and ſince FH is drawn from a 


ate vint in the periphery of the hyperbola 
7, parallef to the tranſyerſe DE, and cut- 


Ing its ſecond diameter AB, the ſquare of 

be diameter AB is to the ſquare of the 
meter DE; + as the ſum of the ſquares 4: of this. 
0 de- 
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| deſcribed. po ny TE | CH, 1 Wir 


ſquare of the ſecond diameter. DE is to th 
ſquare of the conjugate AB, ſo is theſqua 
of FH to the ſum of the ſquares deſcribe 
upon CB and CH, half the tranſverſe, an 
irs ſegment intercepred between the: i 
drawn cutting it and the center. 
Therefore, If from the vertex of 4 
econd diameter, &c. which Was to l 
demonſtrated. STE Jus 
Cor. From hence, and prop. 12. or thi 
it follows, that if from any point, 
K, in the periphery of an W 
BK, KL, be drawn an ordinate to fl 
' ſecond diameter DE, and from F, 
vertex of any ſecond diameter in tl 
hyperbola BK, FG be drawn parall 
to the line KL., the ſquare of FG is! 
the ſquare of KL, as the rectangle cot 
tained between EG and GD, is toll 
ſum of the {quares deſcribed upon C 
and CL, viz. half the diameter D! 
and its ſegment intercepted between 
center and the line KL. For (by the 
bove prop.) the ſquare of DE. is to i 
ſquare of AB, as the rectangle contait 
ed between EG and GD, is to the ſquat 
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of OF; and the ſquare of DE is tothe 
ſquare of AB, * as oo ſum of the ſquares + "as * this | | 
deſcribed upon CD and CL, is to the 
ſquare of KL; therefore the ſquare of "i 
GF is to the ſquare of KL, as 3 rect- 

angle contained between EG and GD. 

is to the ſum of the ſquares deſcribed 

upon CD and CL. After the fame man- 

ner may it be demonſtrated, that if from 

my point in the periphery of an hy- 

perbola, an ordinate be drawn to a tranſ- 

yerſe diameter, and from the vertex of 

any ſecond diameter a line be drawn 

parallel to that ordinate, the ſquare of 

the line drawn parallel to the ordinate. 

is to the ſquare of the ſemi-ordinate, as 

the ſum of the ſquares deſcribed upon 

half the tranſverſe diameter, and its ſeg- 

ment intercepted between the line drawn 

parallel to the ordinate and the center, 

is to the rectangle contained between 

the ſegments of the diameter intercept- 

ed between its vertexes and the ordi 

nate. 
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PROPOSITION vn f 

j 9 H 2 0 R E M xx 125 c 
| | a 1 7 from the vertexer of any two 1 | ** 
5 gate diameters of an hyperbola, ord: be. 
' "mates be drawn to any third diane Ty 
=. ter, the ſquare deſcribed upon the... . 
Segment of that third diameter, in 0 

rercepted between the ordinate draus, 

1s. | 

from the vertex of the rranſverſe di E 

ameter and the center, is equal tu ©: 

the ſum of the ſquares deſcribed 17 . 


on half that third diameter, and it 

ſegment intercepted between its cen - 
ter and the other ordinate. But the Ira 

dra\ 

ſquare deſeribed upon the ſegment Mer d 
the third diameter, zatercepted be... 

The 

tween the center and ordinate drawn. 


ve 
from the vertex of the ſecond dia. 
meter, is equal to a rectangle con. | 
tained between the ſegments of tht * 


third diameter, intercepted between 
ts vertexes and the ordinate drawn OB. 
A 


from the vertex ＋ the tran fverſe di. 
ameter. | 


2 BK be any acl, CK half, a. 


any tranſyerle diameter, and CF half ue 0 
ts 


: S 
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ng 8 50 AB any ; third en 
from their vertexes K and F ler KM 
FH be drawn ordinates to the diam - 
; AB; I fay, the ſquare of CM, the leg: | 
at of the third diameter AR, intercept - 

| P the center and the ordinate 7 

, drawn from the vertex of the tranſ⸗ 

1 diameter KC, is equal to the ſam of 

e ſquares deſcribed upon CB and CH, 

Is. half the third diameter, and its hg 
ent intercepted. between its center and 

: ordinate drawn from the vertex of the 

ond diameter FC. From the point K 

ww the line KN * parallel to FC, cut- "nl 
g the third diameter AB in N, and from 
draw FO parallel to KC, eutting the 

ne diameter AB in O; 

Then becauſe KN is drawn from the 
verſe diameter KC, parallel to its con- 


een MC and CN is equal to the ſc quare 
CB; alſo becauſe FO is drawn = the 
ex of the ſecond diameter, parallel to 
tranſyerſe, and cutting the diameter 
, and FH is drawn an ordinate to the - 
ne meter AB, as CH is to CB, * f er- 


5 of t 


& 2: 


zue FC, KN is a f tangent to the hy- 1. 13 of 
ola BK, and as MC is to BC, + is jew. 1. 
to NC, and the rectangle contained . 


72 


1 K te emen 7 7 — Book] 
| - CB to co; wherefore the ſquare of q 


is equal to the fectangle contained | 
rween CH and CO; therefore the rec 
angle contained between MC and CN, IM.; 
equal to the rectangle contained betwen 
*16 8.1.6. CH and CO; and as MC, is to CH, f 
| is CO to CN. But becauſe. KN is paral 
lel to FC, and KC to FO, the triangles 

FCO, KNC, are equiangular, and as C 

is to CN, ſo is OF to CK; wherefore a 
MC is to CH, fo is OF to CK; alſo be 
cauſe KM is parallel to FH, both being 
ordinates to the ſame diameter AB, tl 0 
triangles MKC, FHO, are nee 
and as KC is to FO, ſo is MC to Ho 


wherefore as CH is to CM, fo is CM tc 


equa 
HO; conſequently the ſquare of CM i - R 
equal to the rectangle contained berweenliſſc. . 
CH and HO. But becauſe OH is any howWy a 


cut in C, the rectangle contained betweer 
13k. .2. HO and HC f is equal to the rectangle 
contained between OC and CH, together 
gh 61. with the ſquare of CH, that is, t the ſquard 
ot CB, together with the ſquare of CH 
therefore the ſquare of CM, the ſegmente 
the third diameter AB, intercepted betweer 
the center and the ordinate ' drawn fron 
the — of the rranfrexſe diametet 
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te vertex of the ſecond diameter. 


oment of the third diameter, intercepted 


IM and MB, the ſegments of the diame- 
n intercepted between its vertexes and 
e other ordinate. For becauſe (by the 
bove demonſtration) the ſquare of CM is 
qual to the rectangle contained between 
JH and HC. But the ſquare of MC is 


* 5 qual to the rectangle contained between * SE. 1.2} 
MM and MB, together with the ſquare of 
Wee; and the rectangle contained between 


ntained between OC and CH, together 


are of BC, and the rectangle contained 
tween OC and CH, which are equal to 
e another, and there will remain the 
ure of CH, the ſegment of the third 
meter AB, intercepted between the cen- 
an the ordinate drawn from the ver- 

mY cer 


H he + —— of it, —.— berwom 
he center and the ordinate drawn from | 


Likewiſe I ſay, the ſquare of CH, the 
eween its center and the ordinate drawn 


jom the vertex of the ſecond diameter, is 
qual to the rectangle « contained between 


i and HC f is equal to the rectangle t 58. L* 


ith the ſquare of CH; take away the 


| 
| 
| 


Me e of the ſame” dia 
cepted between its vertexes and the o Hl 
_—. | = 1 


Therefore; If frm the vertexts eq 


Fit Conjugate diumeters ordinates WY th 


dxutom fo any third Wer na qu, 
was to be demonſtrated. | the 
Cor. From hence it follows, that hed \ 0 


„12 of this 


+ 22E.1. 1. | 


is to its conjugate diameter, as the 
ſtance of any one of them from: 


of ED, as the rectangle contained 
teen AM and MB, that is, (by the 
bove prop.) the ſquare of CH to 
ſquare of KM; wherefore as AB fi 
' 4:6of this- DE, ſo is CH to KM. Again, becauſe} 


meter to which the ordinates are dra 


centef is to the other ordinate. 
cauſe * the ſquare of Ag is to the qu 


ſcgquare of AB'is to the ſquare of DEH 
the ſum of the ſquares deſcribed u ane 


CB and CH, that is, (by the above pfl FR 


| the ſquare of CM to the ſhuare of iſa, 


wherefore as AB is to ED, ſo is ren 
to FH. * 4 Uto 


PR the ti 


» 


PROPOSITION VII, 
Turo XXVII. 


the two axes of an ry hyperbola be un. 
equal, the difference of the ſquares of 
the two \ ſemi-conjugdte diameters is e. 

qual to the difference of the ſquares of 
the fwo ſemii-axes. But if any diameter 

be equal to its conjugate, any other 

liameter is alſo equal to its conju- 

gate; aud in this laft caſe the angle 

am (01: aimed between the reed is. 
6 right angle. | 


ET AB be any thi yperbola, CB and 
(D the two Em- es, and CG and j 
a rwo ſemi-conjugate diameters, and if 


to N and CD be unequal to one another ; I 
3 fs „ the difference of the ſquares deſcri- F 
4 c upon CB and CD, is equal to the ow „ 


ce of the two ſquares deſcribed up 

MW and CG. For from the points A ws 
Pia the lines AH. AM, GK and GE, 

linates to the two axes; 

Then becauſe the ſquares of AC is e. · 4. U 
to the two ſquares deſcribed 'uporiCH 

HA, and the! ſquare of CG is equal 

de to ſquares deſcribed upon CL and 

P p EG; 


F 


92 


20G; therefore the Apen of the 2 
ſq uares deſcribed upon CA and CG, is Mere 
3 05 to the difference of the ſum of i b 
== ſquares deſcribed upon AH and HC, ad! 
* upon CL. and LG. But the ſquare of 0 peter 
527 of this is * equal to the two fquares defcribed un 
on CB and CK, and the ſquare of CL 

equal to the two ſquares deſcribed upc 

CD and CM; wherefore the difference 

the two ſquares) deſcribed upon 'CA a 

CG, is equal to the difference of the hi 

of the three ſquares defcribed upon C 

CB and AH, and the ſum of the th 
ſquares deſcribed upon CD, CM and G 

154. l. i. But the ſquare of AH is f equal to 
ſquare of MC, and the ſquare of CK is 

qual to the ſquare of GL; take the t 
fquares deſcribed upon AH and CK, : 

4 the two ſquares GL and MC, from bot 
. and the difference between the two {qua 
| . deſcribed upon CA and CG, the two 
mi-conjugare diameters, will be equal 

the difference between the two remait 

| fquares deſcribed upon CB and CD the! 


g 

| 

| 

| „ ſemi :- axes. 
| 

: 


$ eq 
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: Again, if any diameter of an hypet 
la be equal to its conjugate, any other 
ameter will be equal to its conjugate, : 
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lie tue angle contained between the aſſym- 
5, is otes is a right angle. For let AB be a- 
of t hyperbola, CE and CF its aſſymptotes, 
C, ad let CA and CB be two tranſverſe dia- 
of Cicters, and from A and B let EG and HF 
ded ue drawn tangents, then will EG be * the * def. 13of 


* CL Wcond diameter to the tranſverſe CA, and 
d upq ir the ſecond diameter to the tranſverſe 


ence 
'A a 
he ſu 


3; and if CA be equal to EA, I ſay. CB 
40 equal to BF, and the angle ECF is 
night angle. For from the point A draw 


n M parallel to the aſſymptote CF, cutting 
e the other in K. and from B f draw BL pa- fs 1 2-1. 13 


allel to the aſſymptote EC, and cutting 


to tic other in L; then becauſe KA is paral- 
K is! to CG, t as EA is to AG, fo is EK f 2E. 1.6. 
he ti KC. But EA is equal * to AG, there- 15 of+his. 
K, arc EK is equal to KC; and for the ſame 
n- bourealon CL is equal to LF; and ſince EK 
{qua equal ro KC, and KA common, and the 


two {baſe EA equal to the baſe AC, f the angle | 82. l. . 
qual EKA is equal to the angle CK A, and each 


of them right angles. But EKA is + equal "oy 1. 1. 
o ECF, therefore the angle contained be- 

teen the aſſymptote is a right angle; and 

ſince CL is equal to LF, and BL common, 

and the contained angles CLB, BLF, are 

right angles, the baſe BC * is equal to the * E. l nl 
A baſe 
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3 1f the airy of any bye 
 bola be unequal, the difference of th 
Squares deſcribed upon the two ſemi-q 
es is equal to the difference of th 
ſquares deſcribed upon any two. ſen 
"conjugate diameters. But if any dig 
meter be equal to it conjugate, nyo 
ther diameter is alſo equal to its conju 
gate 5 and the angle contained betwee 

the afſypptotes is a right angle; ; whie | 
was to be demonſtrated. g 


PROPOSITION any. 
THEOREM XXVIII. 


[ if through the vertexes 0 F two h 
gate diameters four right lines be 
drawn tangents to the conjugate hy 
perbolas, the parallelogram contained 
between theſe tangents is equal to. 
| parallel gram contained between fu 
tangents drawn through the vertex 
es of any other two conjugate diame. 
ters. 


LET 


[ ET AB, ED, be two conjugate dia- 


1 


meters, and through their vertexes 
t tangents be drawn cutting one another 


i the points L, M, N and O, and let 


and KH be two other conjugate dia- 
ters, and through their yertexes let tan- 
ts be drawn cutting one another in the 


ho p, Qi R and S; I fay, the figures 


O, PRS, are parallelogrims, and 

qual to one another. For from the points 

nd H draw the lines GT, GV, HW, 

4 ordinates to the diameters AB and 

), and let the tangents GQ and RH 

the diameter ED in the points Y and 

; complete the parallelogram CTaY, 

d join the line GY; 

Then becauſe LM is a tangent drawn 

ough A the vertex of the tranſverſe di- 

ter AB, and ON is a tangent drawn 

wugh its other vertex; therefore ON *18 of this 
parallel to LM; for the ſame reaſon LO 

parallel to MN; conſequently the figure 

NO is a parallelogram; and for the 

te reaſon the figure PQRS is a paralle- 

ram. Again, becauſe HY is a n 

ting the tranſverſe diameter CD in V. 

HW is an ordinate to the fame dia- 

er, drawn from the Point « of contact, 


* 
- 45 


I; *7 - "Is! a" by 4 * . * 5 wy F. * — wn. * * * 
"> FILES AS 7 R iir 3 . 1 Y 
- * I IP SEES Fs 3 N n ; r — ; v YR 
GR 0 A 2 P FEM! T8: i A 8 , ek in, * 28 5 SI 26 3 N x „ Fry $3 Be * 0h 
3 ; 1 4 [4 . Bo . ak dl ES. OE,» 85 . N. x 45 STE SILLS 
x : 8 z ; 4 7 8 BY: 
* x * * 4 1 + 
7 ! . = 25 
+ N ; 9 
* 
0 
. 


2 as cv is to CD, ſois oy to cw. B 
becauſe HW, GV, are ordinates to ti 
fame diameter ED, and drawn from tile 
* C87. oy vertexes of two conjugate hmnentet 1 22 
Ne is to CB, ſo is CW to GV, or Vd. 
which is equal to it; then becauſe tif 
three magnitudes CY, CD and CB, af | 
the other three, CD, CW, and Ya, : 
two and two in ordinate proportion, th 
they will be in proportion by equali 2 
122. l. 5. as CY is to CB. ſo is CD to Ya; af ,, 
29 . I. i. the angles BCD, CVa, are * equal, they . 
fore the parallelogram BCDN is equal ;; 
the parallelogram CTa V. But the trian 50. 
14K. l. 1. CGY f is half the parallelogram CTa 7, 
and the fame triangle CG is alſo half i ,,, 
parallelogram CG OH; wherefore the 
rallelogram CGQH is equal to the p: 
lelogram CTa V, that is, the parallelogr 
BCDN; and conſequently the whole 
rallelogram LMNO, which is quad 
the parallelogram BCDN, is _—_ to 
2 PQRS, which is qu: 
. parallelogram CGQH. = 
Therefore, If from the verterei con: 
two conjugate diameters four tangi bet! 
be drawn to their conjugate hyperboſtare 
. the parallelogram contained bets 
| { 
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gent F 
gate 
and 
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them ir cc 0 4 3 s- 
ined between the tangents drawn from - ' 
the vertexes of any other two conjugate | 
lameters which was to be demonſtra- 
rd. ö 


PROPOSITION : xxx. 


THEOREM XXIX. 


7 0 tangent to an hyperbola cut two 
conjugate diameters, the rectangle 
contained between the ſegments of 
the tangent, intercepted between the 
point of contact and theſe diameters, 
is equal to the ſquare of the ſemi-di- 
ameter conjugate to that drawn 
through the point of contact. | 


ET H be in the periphery of che by- 
perbola DH, and from H let the ran- 
nt HY be drawn, cutting the two con- 

wate diameters AB and ED in the points 

and b, and let the diameter FG be con- 

gate to KH, drawn through the point 

f contact ; I ſay, the rectangle contain- 

between bH and HY is equal to the 

ware of CG. For through the points G 
= and 


exe 
ange 
verbot 
bet 
t 


9 II. ks 


48:4; nd H dw the lines GT ad FX · pf 


+46. :6. gular, and t as Nb is to bH, fo is CT ln 


2 E. l. 6; ſquare deſcribed upon CG; 3 Wherefore *: 


mel D 
Then because HX is parallel to cvli 

Ry L.6. 1 as bH is to HY, ſo is b to XC; con 
ſequently a rectangle contained betweet 

bH and HY is ſimilar to a rectangle con 

tained between bx and CX. And becai 

HX is parallel to GT, and Hb to CG 

the triangles bHX and CGT are <quian 


| CG; and fince the rectangle contained bel 
tween bH and HY. is ſimilar to the re 
angle contained between bx and X 
whoſe homologous ſides are bH and bX 
and the ſquare of r is ſimilar to thi 


the rectangle contained between bH and 
HY is to the rectangle contained betweet 
bX and XC, ſo is the ſquare of CG to th 
{quare of CT. But the rectangle contain 
t3E. l. a. ed between bX and XC f is equal to th 
rectangle contained between bo and CX 
together with the ſquare of CX, and th 
mme contained between bC and C) 
cor. i. yr. is equal to the ſquare of CA; alſo th 
1 ſquare of CX is equal to the rectangl 
contained between BT and TA; where 
fore the rectangle contained between b 


; ook 1 it. FIRE f Conic i Sol 


paſſed x is equal to the ſquate of CA; to- 1 
, eher with the rectangle contained be- = 
cen BT and TA, that is * the ſure * 65 Ls; 3 
HCT; conſequently the rectangle con- ; 
vined berween bH and HY, the ſegments i 

f the tangent, intercepted berween the 

vint of contact and the conjugate diame- 

ers cut by it, is f equal to the ſquare of t148:4:5j 
, the ſemi-diameter conjugate to HK, 

nn through the point of contact. 

Therefore, If any tangent to an þ „ 

erbola cut two conjugate diameters, 

be rectangle contained between the ſeg- 

ents of” the tangent, intercepted be- 

ween the Point of contact and theſe di. 

meters, is equal to the ſquare deſtri- 

ed upon the ſemi-diameter, conjugate 

| that drawn through the point of con. 

7 ; which was to be demonſtrated, 


PROPOSITION XXX1, 


J THEO RE M - $4 
from any point in the periphery of 


an hyperbola, ant ordinate be drawn 
a tranſoerſe diameter, and from 
the vertex of the ſame diameter 4 
le be drawn perpendicular to it, e- 
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. is to AG, + ſo is the rectangle contai 


22 this. 


produced in K; I ſay, the ſquare de 


to the rectangle contained between the 


draw KL parallel to AF, and comp 
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qual to it. latus rectum, the qu, 
. of the ſemi-ordinate is equal to 
rectangle contained between the 
Fei and the latus rectum, exceed 
in figure by a rectangle ſimilar to | 
reckangle contained between the 4 
meter and its lat us rectum. 


ET AC be any hyperbola, AB atr: 
verſe diameter, and D the center, : 
from C let CE be drawn an ordinate to 
diameter AB, cutting it in F, and from 
vertex A let AG be drawn at right ang 
to AB, equal to its latus rectum, and cc 
plete the rectangle BAG H; throug 
draw FK parallel to AG, which cuts 


bed upon FC is ſemi-ordinate, is eq 
rect 
ſciſs AF, and latus rectum AG, exceſ&6iar 
ing in figure by a rectangle ſimilar I fm. 
BA GH, contained between the diam the 
and its latus rectum. For * through FA 
oh . 
meter 
There 
he: 
grad 


the parallelogram GMK L; 
Then becauſe AG is n to FK, 
BA is to AG, ſo is BF to FK. But as 


1 1 Aa o * 
8 e 
* z 2 * 


; "ry m. teens of Comic * Left. 30; 7 7 


yeen BF and FA to the ſquare of CF; Fe 4A 

erefore as BF is to FK, fo is the rect... L 

le contained between BF and FA ro © 

e ſquare of CF; and as Bf is to FK, fo ' | 

the rectangle contained between BF * 1 2. 1.6. 

FA, to the rectangle contained be- | 

ren FK and FA; therefore f as the rect- t Els, 

le contained between BF and FA is to 

t ſquare of CF, fo is the ſame rectangle 

tained between BF and FA to the rect. 

le contained between FK and FA; con- 

om pently the rectangle contained between. 

t ang and FA is + equal to the ſquare of the 11 

id c. ordinate CF; and the rectangle con- 

-oughMcd between FK and FA is a rectangle 

cuts Mitzined between the abſciſs AF, and the 

dels rectum AG exceeding in figure by 

is eꝗ i rectangle GMKL, which“ is ſimilar to *24 E. l. 6; 

the A rectangle BAGH, contained between 
diameter and its latus rectum. After 

nilar t ame manner may it be demonſtrated, 

diamqt the rectangle contained between FK 

ough FA is equal to the ſquare of CF, al- 

ompfhigh AG be not at right angles to the 

Nzneter AB. 

FK, Therefore, If from any point in the F 

t as ber y of an hyperbola, an ordinate 

ontail drawn to any tranſverſe diameter, 
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_ and equal to its latus rectum, the /quar 
3  deſtribed upon the ſemi-ordinate 1 11 6 
_ qual to the rectangle contained betwee 
= 1 abſciſs and the latus. rectum, er 
cgeeding in figure by a rectangle ſomila 
eee rectangle contained between ib 

diameter and its latus N $5 whic| 
Was to be demonſtrated (9). WE 


E-| ' PROPOSITION XXXIl, 
THEOREM XXXI. 5 


4 5 17 is 2525 any point in the ' periphery. 0 
3 | an hyperbola an ordinate be drawnt 
4 ſecond diameter, as alſo a tangen 
8 the ſame diameter, and fro 
the extremity of the diameter neare 
to the ordinate, a line be drawn. pe 
 pendicular to the diameter, equal 
1e latus rectum, and the exET ANGER 
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(a) Becauſe the ſquares deſcribed upon the ſemi-ore 
nates to any tranſverſe diameter being equal to 4 fel 
angle contained between their abſciſs and the latus rectui 
bxceeding i in figure by a rectangle ſimilar to the redtans 
contained een the didnieres and its latus rectum, 
was, chat — cry this © curve an i 5 
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f j _ ar _ fa e 
joined with a right line, and from. 
the point of inter ſection F the dia- 
meter and tangent, a line be drawn 


mities of the diameter and its latus 
rectum, and cutting a line r 
to the latus rectum, drawn from the 
point of inter ſection of the diameter 
and ordinate; the ſquare of the ſe- 
mi-ordinate is equal to a refangle 
contained between the ſegment. of the 
diameter, intercepted between the 
center and ordinate, and the line pa- 


ed between the diameter and the line 
drawn from the inter ſection of the 
diameter und tangent, parallel to the 


ameter and its latus rectum. 


ET AB be any hyperbola, CD a ſe- 
/ cond diameter, and K its center, and 
om the point A let AE be drawn a ſe- 
ordinate to CD, cutting it in E, and 
F a tangent cutting it in F, and from C_ 
e extremity of the diameter neareſt to 
le ordinate, let CG be drawn perpendi- 
cular 
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parallel to the line joining the extre- 
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rallel to the latus rectum, intercept- 
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1 * to, and an to the tn e of of 


CD and GD joined, and from the points 
E and F let FH be drawn parallel to GC, 
and FH parallel to GD, cutting HE in H; 

I fay, the {quare of the ſemi-ordinate AE 
is equal to the rectangle contained be- 
tween KE and EH. Becauſe, GC is the 


is to CG as the ſum of the ſquares deſeri- 


22 of 
bed upon KD and KE is to the ſquare of 


Feer. 1.pr. AE. But the ſquare of KD f is equal to 


| od this. 


the reftangle contained between FK and 
EE, and the rectangle contained between 
+ 3E.1.2. FE and EK + is equal to the rectanglc 
contained between FK and KE, together 

with the (quare of KE; wherefore as DC 

is to CG, ſo is the rectangle contained 


between FE and EK to the ſquare of AE. 


But becauſe GC is parallel to HE, and 

GD to HF, the triangles DCG, FEH; are 

* 4E. 1.6. equiangular, and * as DC is to CG, ſo is 
111E. I. 5. FE to HE; wherefore 1 as FE is tO HE, 
ſo is the rectangle contained between FE 


#.38.1.6. and EK to the ſquare of AE. Burt as FE 


is to HE, ſo is the rectangle contained 
between FE and EK to the rectangle con- 
tained between HE and EK; wherefore 


as the rectangle contained * F E and 
| BY 


EK is to the ſquare of AE, ſo is the ſame 
rectangle contained between FE and EK 
to the rectangle contained between HE 


and EK; conſequently * the ſquare of the -s E. 1. * 


ſemi-ordinate AE is equal to the n 
contained between HE and EK. 

Therefore, If from any point in the 
periphery of an' hyperbola, GC. which 
was to 0 be . 


PROPOSITION XXX... 


PROBLEM II. 

Two right lines being given, niutually 
biſecting each other, and cutting one 
another at right angles ; to deſcribe 
two oppoſite hyperbolas, which have 
theſe right lines for their axes, and 


in ſuch a manner as either of them | 
-" be.the tranſverſe axis: 


| ET AB and CD be the two given 
right lines, mutually biſecting each 

he in the point E, and cutting one an- 
other at right angles; it is required to de- 
ſecribe two oppoſite hyperbolas, which 
have AB and CD for their two axes, fo 


either of them, as AB, may be the 
: _ tranf 
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equal to BC, and with a rule and three, 


+ def r of the rule by AB, * deſcribe two oppoliteſiſ 


1 i ofthzs. 


las does not paſs through the point B, leh 
it, if poſſible, cut the line AB in any 0h 
ther point, as H; then becauſe H iS 4 
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tranſverſe one. Join BC; and from eaclll 
ſide of the point E make EF and EG each 


whoſe length is ſmaller than the length o 


hyperbolas LM and ON, whoſe foci arfſſyi 
Fand G, theſe hyperbolas will pals througliſ 
the points A and B, and CD will be ther 
ſecond axis; for if one of theſe hyperbe-iſ 


point in the periphery of the hyperbola 
the exceſs by which GH exceeds HF will; 
be equal to the exceſs by which the length 
of the generating ruler exceeds the length p R 
of the generating threed, f that is (by the 
conſtruction) AB. But becauſe EF is equal 
to EG, and EA to EB, therefore AG is 
equal to BF; conſequently the excels by 
which BG exceeds BF is equal to AB; 
therefore the exceſs by which GH exceed 
HF is equal to the exceſs by which Gb 
exceeds BF, which is abſurd; therefore 
the hyperbola will paſs through the point 
B. After the ſame manner may it be de- 
monſtrated, that the other hyperbola wil 
pals * the point A. Allo I fay, 1 a f 
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2 2 2 ES, 


ace and D are the extremities of their e. 
ach ond axis; for if C. is not one of its ex. 
ed dremities, led K, if poſſible, be one of 
b of them, which is in the ſame fide of the 
tentet with the point C, and Join KB, then 4 
rill KB be * equal to EE. But CB is IT 
qual ro EF, therefore CB,” KB, are equal 
to one, another, which is abſurd ; penal 1 
Pre the hyperbolas LM and ON are two. 
ppoſire hy perbolas deſcribed, which have 
the two given right lines murually biſect- 
ing each other, and cutting one another 
x right angles. for their two axes; which 
was 10 be done. 


OP OSITTON XXXIV, 


the | X I 
ul PE OBILE III. bw 
3 15 - —_— 
by ith 4 given line, and 4 given point 
Ty our of it, to deſeribe an hyperbola, | 


which has the given right line for, | | 
one of its axes, and which Will pa ſi = 


b 
+ | through the " . 
on / 1. V HEN the given right fins” 
bo Y is the tranſverſe axis, in this | 


| it it is ; neceſſary that the given point be I | 
a ſuch a poſition, 1 rhat a line drawn from 7 
R x 3 K 
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F Y it, perpendicular to the Wen: line, cit Won! 
M produced. 

3 Let AB be the given right tak, and 
_ == the given point, it is required to deſcrib 
_ an hyperbola which has AB. for its tran 
4 | verſe axis, and: which will pals through 
| the given point Is from L draw LH per 
3 pendicular to AB, cutting it produced i 


; find a third proportional to BH andi ſor 
271 E. lG. HL; * which let be HP, and let HP bel che 
drawn from the point H at right angles tu C 

AB; complete the right angled parallelo I con- 

. gram BHPQ; join the line AP, which L 
cuts the line BQ in R; find a mean pro. give 
frz E. I. 6. portional between AB and BR, f which hyp 
let be CD, and let CD and AB be ſo pla ais 
cee mutually to biſect each other, andi ven 
cut one another at right angles; deſcribe CD 
#33 of this. 4 the hyperbola BM, which has AB andi port 
CD for its two axes, ſo as AB may be the ET 
tranſverſe one: I ſay, the hyperbola BM and 
will paſs through the point L. For be perp 
| cauſe CD is a mean proportional between 3 | 
—— prop- AB and BR, * the ſquare of AB is to the d 
F ſquare of CD, as AB is to BR. But Anale 
f E. l. s. is to BR , as AH is to HP, and as AHI find 
+ 1b. l. 6. is to HP, fo is + the rectangle containec - 


between All and HB, to the rectang 
i ; Con- 
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1. ck m. 1 of debe, 37 
cut it — between Hp and HB, that is, 

Ike ſquare of LH; wherefore * the ſquare "118.1. 52 
nd I of AB is to the ſquare of CD, as the rect. 
ſeribeſſ angle contained between AH and HB is 

trau to the ſquare of LH; conſequently the 


point L is f in the periphery of the hy- 16 wu 
perbola BM; wherefore the hyperbola BM 
is deſcribed, which has the given line AB 
for its tranſverſe axis, and paſſes through 
the given point L; which was to be done. 
Caſe 2. W hen the 2 line is the ſe⸗ 
cond axis. 
Let CD be the given ww and L the 
given point, it is required to deſcribe an 
hyperbola, which has CD for its ſecond 
axis, and which will paſs through the gi- 
ven point L; draw LS perpendicular to 
CD; biſect CD in E; # find a third pro- {108.1 J. 1. 
and —_— to SE and ED, * which let be 11 E. l. 6. 
e the as alſo a third proportional to SE 
BM as SL, which let be SX, and let it be 
r be- perpendicular to CD, drawn from the point 
ween 8; join XT. and from the points C and 
) the ny draw f CV parallel to SX, and DV pa- . Lu; 
nllel to TX, meeting CV in the point V; 
All find a mean proportional between VC and 
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hich 
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cribe 


ell CD, + which ler be AB, and let AB cut #13 E. le. 


(Din E, fo as to be biſected, and to cut 
R 1 4 it 
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me BM, * which ad IO two. NP es AB T 
CD. mutually biſecking each other, and 


cutting one another at right angles for its war 
axes, ſo as AB may be the tranſverſe anc; iſ 
= Iny, the hyperbola BM will paſs through p! 
5 the point L. For becauſe AB'is 4 mea | 
=. / proportional between CD and CY. 'CD is 
wor 2945-2 to CV f as the ſquare of CD is to the 1 
4 — ſquare of AB. But as CD is to CV, fo isfl- 41 
145. 5: TS to SX, + and as TS is to SX. ſo i „, 


” the rectangle contained between TS and 

sk, to the rectangle contained between 

| SE and SX ; but the rectangle contained 

7E. l. s. between SE and SX T is equal to the 

türk.! 15. ſquare of LS; wherefore + as the ſquare 

| of CD is to the ſquare of AB, fo is the 
7 rectangle contained between TS and SE 
E to the ſquare of LS. But the rectangle 
a 1. E. 1.2. contained between TS and SE, * is equal 
d © ko the rectangle contained between TE 
1175. l %. and ES, that is, the ſquare of ED, f to- 

: | gether with: the {quare of SE; therefore 
; as the ſquare of CD is to the ſquare of 
1 AB, ſo is the ſum df the ſquares deſcribed 
upon ED and ES to the ſquare of LS; 

4 6of this. conſequently the point L + is in the peri: 


5 phery of the hyperbola BM; whereforc 
the 


OY 


given. wy CD PR its — Koop: axis, * 
and paſſes through 1 the "BIG: Poe] L. ; ell 
itz bar fo 15 dane. 


ne; 
ugh PROPOSITION Xxxv. 
P PrOBLEM IV. 1 
the 


Ar Libel being given, to find its 
| diameters, its center, ts axes, ts fi: 
ct and Huploter. = 


and 
een * T ABC be an hyperbola, it is re- 
ned quired to find its diameters, its cen- 
the 


ler, AXES, aſſymptotes and foci. Draw 
my two lines, as AC and DE, parallel 
to one another, and terminated both ways 
dy the periphery in the points A, C, D 
and E; biſect the lines AC, DE, in F 10 F. l. x; 
nd G; join the line FG: Then becauſe 
G biſects two lines terminated by the 
lyperbola, and parallel to one another, 
fit 1 is a diameter. After the ſame manner for. 6 pr. 
my any other diameter be found; and **7 
the point where they cut one another, as 
n H, + is the center. The center H be- %. 4 of 
ng found, as above, to find the axes: 
Lake any pans in the periphery” as A, 
Join 
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7 Join' HA, Da ont: oh las H. E 71 ; 

© the diſtance HA, deſcribe a circle; ; if than 

© circle cut the periphery of the hyperbol 

in no other point than A, then will H! 

E be the ſmalleſt of all the tranſverſe dian 
= | * gor. pr. + ters, and conſequently * is the tranſved co 
ue axis; but if the circle cut the hyperbo 
13 in any other point, as E, join the lin 
AC; biſeck it in F, and join HF, hid 
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he r 
: cuts the hyperbola in B, 'HB will be b. B is 

the tranſverſe axis. For through B dN. 

BK parallel to AF; then becaufe AF i is Monal 
1a. 3 4 qual to FC, AC is f an ordinate tb ll} as t 
u., diameter HB; wherefore BK, which i 0p; 
bed ah parallel to AF, f is a tangent to the h the 1g 
| perbola, and the angle HBK is equal thine 
3E. I. 3. the angle AFH ; but AFH * is a rignbf AF 
22 angle, wherefore the angle HBK is a righiſh; 's 
fk n angle; conſequently + the diameter HB iſh 0] 
of this. the tranſverſe axis. Again, with the li; a] 
45k. l 1. BF + conſtruct the right angled parallel Mud x 
gram BFLK, equal to the ſquare of AWines 
and make HM equal to HB; join the li Henc 


*r3E.1.6. ML, cutting BK in N; find * a mean pr 
portional between MB and BN, which 
be OP; let OP be biſected in the cente 
and cutting MB at right angles, OP wi 


be the ſecond axis. Becauſe rhe _ 


* e e ce dass a r 
ol *. FB is to the ſquare of AF, as the vl 5 
Wnole contained between MF and FB is to 
the rectangle BL. But f as the rectangle t 1E.1.6; 
contained between MF and FB is to the 
«tangle BL; ſo is MF to FE, and as MF 
is to FL, ſo is MB to BN; wherefote'f as fir E. l. 3. 
the rectangle contained between MF and N 
FB is to the ſquare of AF, fo is MB to 
N. But becauſe OP is a mean proporti- 
is e ial between MB and BN, MB is to BN 
o thi} as the ſquare of MB is to the ſquare of eg. ol 
go; wherefore as the ſquare of MB is to 
the aun of OP, ſo is the rectangle con- 
ained between MF and FB to the ſquare 
if AF; conſequently OP is the ſecond a- 
is; and make AEM HR each equal 
| o OB, then will“ Q and Bf be the - 5 ofthis 
i; alſo make BS and BT equal to OH his. 
ad HP, join the lines HT and HS, theſe 
nes HT and HS are þ the aſſymptotes. def. 12 of 
Hence the diameters, the center, the axes, 8 | 
e foci and aſſymprotes of the given hy- 
xrbola ABC are found; which was to 


e done. 


PRO- 


ESN. 


-PR RC 01 p 0 ds SLTÞ or XXX J. 
= Pe VV, 
1 4 85 Ti Wo. be lines bein 1 givtu cutting 6 on 
> another, and à point lying betwee 
them, to deferibe an hyperbola. whic 
will have the given right lines fo 


Its al[ymptotes, and to pay rrougf 
the groen Point. 


1 ET AB and BO be two "right lines cut 
M$ ting one another in B, and D | at) 
point lying berween AB and BC, it is re 
mu to deſcribe e whiclivil | 


DN 


4 


. p. Biſect the Ale ABC * with tte 
line BE, and from D draw DF parallel to 4 be 

"\ BE, cutting AB in F, and BC produce i 9 67 

2 L 2. G, and f make the ſquares of BE and B 

| Each equal to the rectangle cont ned be be p 
1 ſtween GD and DF; from che point! Wore. 
| | hc the line EA bal to BE, 
AB and BC in the points A an tetes 

475 1. . c and through B + draw KL parallel t 
Ac, and make KB and BE each Equal l 

AE and EC, and deſcribe the hy perbol 

033 of this, EM, * which has the two right lies HE 


n 5 0 7 of 8 
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u, TE biſeRing Je © aka 21 1 hy "I E 
cutting one another at.right angles for R 1 7 1 | 
axes, ſo as HE may be the tranſverſe one; a 4 
1 fay, the hyperbola EN has the given 1 = 
ncht lines AB and BE for its alſywprores? „„ 
and paſſes through the point D. For bei 
cauſe AEC is drawn * the vertex of; 
the tranſverſe axis at right angles td CV 
therefore AEC is a. tangent, to the hy- = 2 
perbola; and ſince A0 is equal to the ſe- : - 
cond axis KL, Wherefore AB and BC a. 
| the aſſymptotes. Again, becauſe the "def 120f 1 
line GFD is drawn parallel to the tan — 
rerſe axis, from a point within the angle „% 
ABC, contained between the aſſi Iymptotes, 

and the rectangle contained between GD 

and DE, the ſegments of the line intercept-. „ 
ed between the giyen point and each 5 
ymptote, is equal to the ſquare of BE. . 
half the tranſverſe avis, the point D iS tin | conver 
* che hery of the b xerbola;; where- „i * 
bee periphery”, yp 9 of this,” 
Wore the hyperbola EM is deſcribed, which 2 OY 
has the given lines AB, BC, for its aſſym- 

and paſſes through the * Point 

; which e was to be done. 


| , ? 4 TY ; ; 
* } - 2 * - „ „ 1 * 3 » * * 
* : . — 2 
2 
1 - . N 4 * . , ; 2 : * 
: 8 4 5 1 ? 
* 


: - 1 . ol 
. : th IEEE \ Ir . ; "INE .: N 
4 . ">, * * 5 82 ! 8 a7 <p? ne 4 * 1 x a 39 "1% g 0 ö 
"© B24 — 7 Tx * 1 N 2. 1 4 : 3 * - WW . 1 * 1 W . v a . * £4 
4 8 . We „ - 8 Cos I Nig 2 . 125 2 e 
Sh WALES 3 3». A Ip W 19 +4 % M - Fo 
. 3 * nnen 1 bins 5 5-0 SLY 82 X 7 Fu 
EE * . * r >. 8 8 ab 
* : I; - * : b N 2 2 * 2 7 , ſeq > 
oe 3 1 3 1 + bs * 
. . : 4 3 ; & 
3 $ 2 1 | » ＋ * * 
n — 5 "Sk 2 =] Nn 7 . 25 i g 7 
on © N N E 
J „ 6s 4 n - ov n 8 1. ' 2 * % 
. . 4 I; . o 4 
= 7 3 * . « 5 2 3 * 
7 \ py 2 : " 2 by 2 
A $4 n * , — 
3 * [ 3 1 7 , 
3 8 7 FW. 
Tho 4 I — 4 $ i T's . . 
4 - 8 = 1 1 ” 3 as 
* * » > . Y 7 
4 1 aq K 
1 . 
_ * * 4 
{ — : ; * 1 
583 „ * 5 - 
* % 
2 5 . "I X + 
7 oe x 8 — : #38 5 KA * Sk ** 5 
* 4 £ s 7 8 * * K 
* x . I 5 
__. 
„ 
: y 8 


rope 081 Ti oN rte Fl 
2 R O B L 2 1 VI. 17 of e 


To Wo ; nicks lines bein g gr ven, vin 

 biſetting each other, to deſcribe tui 
1 _ Oppoſite bhyperbotas, which have ei. 
 , ther of the given lines a tranſverſe 
1 Aiameter, and the other is ous 
RW Conjugate diameter. 5 the 


1 ET AB, cb, be two BYE on} mu- vaſſi 
L_ - rally biſecting each other in the pointſ 

E, it is required to deſcribe two oppoſite PR 

* Hyperbolas, which have one of theſe lines, © 

as AB, for a tranſverſe diameter, and the 

, other, CD, its ſecond eonjugate. From 

| 8 rz. U N B draw FBG parallel * and equal to CD, 

ſo as FG is biſected in B; join FE and 

Hs ui. EG; then f deſcribe the hyperbola HBK, 

which has FE and EG for its aſſymptotes, 

and which paſſes through the point B ly- 

ing between them, the line BA is a tran 

verſe diameter, and CD is its ſecond con- 

jugate. For becauſe FG, terminated by 

the aſſymprotes, is biſected in B, the poit 

: where it meets with the hyperbola, where- 

ene def. fore FG is + a tangent; and becauſe CD 

is drawn 2 the center parallel aud 
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58 to G, nd bile@ted in is, e N 1 2 
fore CD is * the ſecond diame TFT 0 

tranſverſe AB, drawn through the point 3 
of eontact; wherefore HBK is an hyper- 
bola deſcribed, which has one of the g. 
yen right lines, mutually biſecting each o·ññ⁶ʒ 
ther, for a tranſverſe diameter, and the b:? 
ther for its ſecond conjugate ; which was ch 
to be done. After the lame manner, if 
the aſſymptotes FE, GE, be produced, 
may the oppoſite hyperbola be deſcribed 
pally Rong EPR A 1 5 


PROP osITION XXVII. 


PROBLEM VII. 


With a given right line, and a given 
Point out of it, from which point 4 
line is drawn cutting the giuen line, 
it is required to deſcribe — r | 
la which has the given line for à di- 
ameter, and which will paſs through 
the given point, ſo as the other line 
drawn from the given point may be a 
ſemi- -ordinate to that diameter. | 


Caſe 1. Wu. the given line isa tranſ: 
TE verſe diameter, in this caſe | 
AA 


PI — - 
mw 


nece ry wie elt grep pomt low 
oY 4 poſition, that the lige N from 


* * Ait, which is to be a ſemi- ordinate t To: o che taint 
RES 2 diameter, cut it produced. Nangl 
1 Let AB be the given right ne me: 0 whe 
1 a given point out of it, and from C let I wee 
0b be drawn cutting AB produced in D, taine 
1 5 it is required to deſcribe an hyperbola; ¶ ſqua 

5 Which has AB for a tranſverſe diameter, ¶ the 

N paſſing through the point C, ſo as CDI DB. 


. may be a ſemi- ordinate to AB; find à fore 
Eo, * 118. 6. third proportional 'to. DB and CD,. * a of H 
. DE, and let DE be drawn perpendicular twee 

tor AB; complete the night angled paral conſ 

|  lefepram BDEF; join the line AE, which pher 

Is E. ls. cuts BF in: G; find F a mean proportional lemi- 
between AB and BG, which let be HK; fore 

let HK be placed ſo as to be parallel to has t 

. CB; and to biſect AB and itſelf in the mete 

ssb point L.; and + deſcribe the hyperbol. C, h 

-- 1 BR: hich: has AB and HK for Wo con- diam 

Jugate diameters, having AB for the tranſi: C 

verſe one: I fay, the hyperbola BR will diam 

pas through the given point C, and CD Le 

will be 2 ſemi· diameter to AB. For be the g 

cauſe HK is wt mean proportional between CM | 

p 155 20 E. AB and BG, as AB is to BG, ſo is theWquire 


b of AB to the 2 Ts of HK. But the g 
a5 15 
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5 AD is to DE, ſo is the rectangle con- 
tained between Ah and DB, to the rect- 
angle contained between DE and DBBj; 
wherefore f as the rectangle contained be: f. 111K. 1 3. 
tween AD and DB is to the reckangle 8 


* 


tained between DE and DB, ſo is the 
ſquare of AB' to the ſquare of HK; but 


the reckangle contained between DE and 


DB is equal to the ſquare of CD; where. 


fore as the ſquare of AB is to the ſquare 
of HK, ſo is the rectangle contained be- 
tween AD and DB to the ſquare of CO; 
conſequently + the point T is in the peri- 806 of this. 
phery of the hyperbola BR, and CD is a 
ſemi-ordinate to the diameter AB; there- 
fore BR 1s an hyperbola deſcribed, which 
has the given line AB for a tranſverſe dia- 
meter, and paſſes through the given point 
C, having CD for a ſemi-ordinate to that 
diameter ; which was to be done. 

' Caſe 2. When the _ line is aſecond 


dameter. 


Let HK be the given right line, and . 


the given point out of it, and from C let 


CM be drawn cutting HK in M; it is re- 
quired to deſeribe an hyperbola which has 
We given line HK for a ſecond diameter, 


aud 
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"Lg nk. "wil aa, 55 a 
point C, ſo as CM may be a ſemi-ordi- 
nate to HK. Biſect HK in L; find athird 
E. U. s. r e * ro ML and LK, which let 
be LN; draw MO perpendicular to HK, 

J auc ler. Mo be a third proportional to MI, 
2 and MC; join ON, and from H draw HQ 
ISE. l. parallel to MO, and from K f draw KQ 
: parallel to ON, cutting HQ in Q; find 
$32.16 +a mean proportional between HQ and 
and HK, which let be AB, and let it cut 
MK in L., fo as to be biſected and paral 
fbi. lel to CM; deſcribe the hyperbola * which 
has AB api. HK mutually biſecting each 

other for two conjugate diameters, ſo as 

| AB may be the tranſverſe diameter, which 

let be BR: I fay, the point C is in the 
periphery of the hyperbola BR. For be: 

cauſe AB is a mean proportional between 
Jer, 20 E. HK and K. HK is to HQ as the ſquate 
JS of HK is to the ſquare of AB; and be- 
cauſe HQ is parallel ro MO, Be; QK to 

ON, the triangles QHK and OMN as 

} 4E. lo. equiangular, and + as KH is to HQ, ſo 
E. I. 6. is NM to MO; but * as NM is to MO, 
ſo is the rectangle contained between M 
and ML, to the rectangle contained bc: 


tween MO and ML, that is, the ſquat 
of 


3 * 
7 I” 


3 jook il. Elements of Comic 4 ile | 
of CM; wherefore * as the ſquare of HK u 'J 
is to the ſquare of AB, ſo is rhe rectangle I 
contained between MN and ML to the | 
IK, N dluare of CM; but becauſe LK or LH is LR 
M. mean proportional between ML and LN, 

10 the rectangle contained between LM and 

0 [N is equal to the ſquare of LK; and fg le 
ind the rectangle contained between LM and 

MN + is equal to the rectangle contained t 3. E. l a 
between LM and LN, that is, the ſquare 

of LK, together with the ſquare of ML; 
wherefore as the ſquare of HK is to the 

fquare of AB, fo is the ſum of the ſquares: 
deſcribed upon LK and LM to the ſquare 
of CM; conſequently the point C * is in 22 of this 
the periphery of the hyperbola BR ; where- 

fore BR is an hyperbola deſcribed, which 

has the given line HK for a ſecond dia- 

neter, paſſing through the given point C. 

having CM for a ſemi- ordinate to that di- 

meter; which was to be done. 


PROPOSITION XXXIX. 
TRHEOREM XXXII. 

If a cone be cut by a plane through its 

axis, alſo by another plane cutting 

the baſe of the cone in the direction 


of 
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of 4 3 bg: wks 109 perpen 7 
lar to the baſe of the triangle. 
2 the plane paſſing through. th 
vis; and if the common [eftion of 
© cuttin g plane, and triangle. mas 
the plane through the axis, an 2 
We - de of the ſame triangle,” meet 
Point without the vertex, of, the c 
the. figure made by the common 
on of the cutting plane and con 
; ſurface is an hyperbola, which 
the common ſection of the cut! 
* and the trian gle made by 
Plane through the axis, for 4 tr, 
Ver, ſe diameter. 


"ET A be the vertex, aud BDC 
4. circular baſe of a cone, which i is 
by a plane through its axis, and let A 
be the triangle made by that ſection, 
let it be cut by another plane cutting 
baſe of the cone in the direction of 
line DF, which is perpendicular to 
baſe BC of the triangle ABC, and ler E 
the common ſection of the cutting pl: 
and triangle meet AC, one fide of t 
triangle ABC produced in H, which 


without the Vertex of the cone, and 
1 


1 be: he” 
plane and conical Dare Thy: . $i 
DEF is an hyperbola, : which has EG „ 
common ſection of the cutting plane; and 
triangle through the axis, for a ſis 
diameter. For take any point, as K, 
the ſeckion DEF, and from K draw KL 
arallet to DF, cutting EG in L, and 
through L draw MN parallel to BC. 315.1. 13 
Then becauſe KL is parallel to DG, and 
MI. to BG, the plane which paſſes through 
Land LK f is parallel to the plane which 1E. I. 1. 
aſſes through BG 8 GD, that is, to the 
aſe of the cone BDC; wherefore + the 5% U 4 
plane paſſing through ML and LK is a 
ircle which has MN for a diameter; and 
decauſe BC is perpendicular to DF, where- 
tore * MN is perpendicular to KL; there- *102.1.11; 
fore f the ſquare of KL is equal to the +358. 1. 3. 
rectangle contained between ML and LN; 
alſo the ſquare of DG is equal to the rect- 
angle contained between BG and GC. 
herefore the ſquare of DG is to the ſquare 
of KL, as the rectangle contained between 
8 and GC, is to the rectangle contained 
between ML and LN; but the rectangle 
ontained between BG and GC is to the 
rectangle contained between ML and LN 
3 * in 


—_— . 
1 A 
- The 2 16 6. 47 in a >ratio. > Timporinded: of 50 t to! 


l and of GC to LN; but BG is to I. f as peri 
z is to LE, and GC is to LN as GH is que 
to LH; wherefore the ratio.compoundet 
of BG to ML, and of GC to LN, is e-. ¶ cutt 
_ qual to the ratio compounded of GE to plan 
LE, and of GH to LH; therefore the WW ame 
ES ſquare of DG is to the ſquare of KL, ina T 
„ ratls- compounded of GE to LE, and of iſ thre 
#33 E. ls. GH to LH. But the rectangle contained N cutt 
between GE and GH, is to the rectangle (1107 
contained between LE and LH, in a ratio ¶ dicu 
cCompounded of GE to LE, and of GH Wy : 
711 E. l. 5, to LH; wherefore * the ſquare of DG is 
to the finare of KL, as the rectangle con- ¶ lan 
tained between GE and GH, is to the {thro 
rectangle contained between LE and LH. ſame 
ss ibis Let an hyperbola be deſcribed, f which I 
has HE for a tranſyerſe diameter, and DG gore 
for a ſemi-ordinate to that diameter; then Ncutti 
| becauſe KL is drawn parallel to the ſemi- I Hei 
ordinate DG, and the ſquare of DG is to M of 
the ſquare of KL, as the rectangle con- N hade 
rained between GH and GE, is to the H Tra 
rectangle contained between LE and LH; ſW*mo 
14% 4 ?7: whereforc the point K is in + the periphe- 
22 this. | BT 
ry of the ſame hyperbola. After the ſamo 
manner may it be demonſtrated, that e 
very 
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L, ery . ef che ſection DEF. is in che SG 
28 peripher y of the ſame hyperbola; confe- oy , 
is quently the ſection DEF is an h yperbola, e 

ed which has EG the common ſection of the / = 
e- cutting plane, and triangle made by the _ 
ro ll plane through the axis, for a tranſverſe di- 
he ameter. | 
na Therefore, I T7 a cone be cut by 4 ow 
of through its axis, alſo by another plane 
1d Ncutting the baſe of the cone in the dire- 
ole ion of a right line, which is perpen- 
tio ¶ dicular to the baſe of the triangle made 


zH the plane paſſing through its axis; 
x is N 41d if the common ſection of the cutting 


plane, and triangle made by the plane 


the N hrough the axis, and one ſide of the 
H. ame triangle produced, meet in a point 
ich N #217thout the vertex of the cone; the fi- 


gure made by the common ſection of the 
catting plane and conical ſurface is an 
hyperbola, which has the common ſetFi- 

on of the cutting plane, and the triangle 
made by the plane through the axis, for 
a tranſuerſe diameter; which was to be 
demonſtrated. 
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